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C3 ' 1. Introduction 

^^ , 1.1. The weights for a finite group G with respect to a prime number p 

where introduced by Jon Alperin in [1] in order to formulate his celebrated 
conjecture. Explicitly, a weight of G is a pair (R, Y) formed by a p-subgroup 
R of G and by an isomorphism class Y of simple fc-/VG(i?)-modules with 

H^ ■ vertex R ; then, Alperin's Conjecture affirms that the number of G-conjugacy 

classes of weights of G coincides with the number of isomorphism classes of 
simple fcG-modules, where fc is an algebraically closed field of characteristic p . 

r£ More precisely, Alperin's Conjecture involves the blocks of G as we explain 

C3 i below. 

G 1.2. In the case that G is p-solvable, thirty years ago Tetsuro Okuyama 

[8] already proved that, for any p-subgroup R of G , the number of isomor- 

,— I ■ phism classes Y of simple feiV(?(ii)-modules with vertex R coincides with the 

number of isomorphism classes of simple fcG-modules of vertex R , which 
clearly shows Alperin's Conjecture restricted to p-solvable groups. Once 

!^J again, Okuyama's result actually involves the blocks of G . Note that, set- 

^y-\ • ting Nq(R) = Nq(R)/R, a simple fcAG-(_R)-module of vertex R is just the 

. * | restriction of a simple projective kNQ(R)-module. 

^D [ 1.3. On the other hand, in [11, 6.4] we introduce a multiplicity module for 

any indecomposable fcG-module M , and in [11, Lemma 9.9] we prove that M 
. . | is determined by the triple formed by a vertex R , an R-source E and a mul- 

. J^ ' tiplicity module V of M — an indecomposable projective /c*A''(3(i?)£-moduie 

S^ . where N~c{R)e is the stabilizer of the isomorphism class of E in Nc{R) , 

Ng(R)e is the central k* -extension of Ng(R)e determined by the action on 

End / t(£') , and k*N g(R) e is the corresponding twisted group algebra (cf. 2.5 
below) — and that this correspondence actually defines a bijection between 
the set of isomorphism classes of indecomposable fcG-modules and the set of 
G-conjugacy classes of triples (R, E, V) formed by a p-subgroup R of G , an 
indecomposable fc_R-module E of vertex R and an indecomposable projective 

fc»A> G (i?) B -module V. 

1.4. Moreover, if M is a simple fcG-module then it follows from [9, Propo- 
sition 1.6] that V is actually a simple projective k tt NQ{R)E -module. But, 



in the case that G is p-solvable and M is primitive - - namely, not in- 
duced from any proper subgroup — it is well-known [17, Lemma 30.4] that 
there is a G-stable finite p'-subgroup K of Endfc(M)* generating the k- al- 
gebra Endfc(M). Consequently, in this case Endfc(M) is actually a Dade 
R-algebra [13, 1.3]; in particular, Nq (i?)-stabilizcs the isomorphism class of E 
[13, 1.8] and it follows from [15, Theorem 9.21] that the central fc*-extension 

k*Nc(R) above is split — we are more explicit from 2.13 to 2.17 below. 

1.5. That is to say, if G is p-solvable and M a primitive simple fcG-mo- 
dule, then the pair formed by a vertex R and by the isomorphism class 
of the restriction to Nq{R) of a multiplicity fciVG(_R)-module V — after a 
choice of a splitting for the corresponding central fc*-extension — is actually 
a weight of G . More generally, since any simple fcG-module is certainly in- 
duced from a primitive simple fc_ff-module for some subgroup H of G , if G is 
p-solvable then Endfe(_E) is always a Dade R-algebra for any vertex R and any 

i?-source E of M ; hence, in this case, the central k* -extension fc*iV g(R) e is 
always split and the corresponding multiplicity module V becomes a simple 
projective kNc(R) e -module. 

1.6. In this paper, for a systematic choice of those splittings via a polari- 
zation [15, 9.5], on the one hand we exhibit a natural bijection — namely 
compatible with the action of the group of outer automorphisms of G - 
between the sets of isomorphism classes of simple fcG-modules M and of 
G-conjugacy classes of weights (R, Y) of G . On the other hand, we determine 

the relationship between a multiplicity fc*-/V(3(-R).E-modulc V and a simple 
kNc(R)- module U with vertex R in the class Y of the corresponding weight 
of G; explicitly, there is a subgroup N of Nc(R)e containing R, a simple 
kN-module W of vertex R and, setting N — N/R , a group homomorphism 
9 : N — > k* in such a way that, denoting by W the corresponding kN- module 
and setting W$ = ke £3>fc W , we have 

U = lnd N N G(H) {W) and V = lnd* G{R)E (W e ) 1.6.1. 

The tools to carry out our purpose are mainly the Fong reduction theorems 
developed in [16]; as in that paper, it is handy — but not more general! - 
to work systematically with k* -groups with finite k* -quotient G [11, §5] - 
namely, with central k* -extensions of G . 

1.7. In 1994, when talking about this work at Beijing University, Zhang 
Jiping pointed out to us that Gabriel Navarro [7] already had given a bijection 
between the above sets of isomorphism classes of simple fcG-modules and of 
G-conjugacy classes of weights for finite groups of odd order, and therefore 
solvable. In our Appendix we show that Navarro's bijection corresponds 
indeed to the bijection obtained for a particular choice of the splittings above, 
a choice which is only possible for groups of odd order. 



2. Notations and quoted results 

2.1. We fix a prime number p and an algebraically closed field fc of 
characteristic p . We call fc*-group a group X endowed with an injective group 
homomorphism 6 : fc* — > Z(X) [11, §5], and call k* -quotient of (X, 6) the 
group X/6(k*) ; we denote by X° the fc*-group formed by X and by the 
composition of 6 with the automorphism k* = fc* mapping A G fc* on A -1 ; 
we say that a fc*-group is finite whenever its fc*-quotient is finite. Usually, 
we denote by G a fc*-group and by G its fc*-quotient, and we write X-x for 
the product of x G G and the image of A G fc* in G . 

2.2. If G' is a second fc*-group, we denote by G x G' the quotient of 
the direct product G x G' by the image in G x G" of the inverse diagonal 
of fc* x fc* , which has an obvious structure of fc*-group with fc*-quotient 
G x G' ; moreover, if G = G" then we denote by G*G" the fc*-group obtained 
from the inverse image of A(G) C G x G in G x G' , which is nothing but 
the so-called sum of both central fc*-extensions of G ; in particular, we have 
a canonical fc*-group isomorphism 

G*G°^k*xG 2.2.1. 

A fc*-group homomorphism (f : G — > G' is a group homomorphism which 
preserves the fc* -multiplication; moreover, if G and G' are isomorphic then the 
group Hom(G, fc*) acts regularly over the set of isomorphisms ip : G = G' and 
we denote by ip the fc*-group isomorphism determined by 9 G Hom(G, fc*) 
and i/j . We denote by fc*-©r the category of fc*-groups. 

2.3. Note that for any fc-algebra A of finite dimension — just called 
k-algebra in the sequel — the group A* of invcrtible elements has a canonical 
fc*-group structure; we call point of A any A*-conjugacy class a of primitive 
idcmpotents of A and denote by A(a) the simple quotient of A determined 
by a , and by V(A) the set of points of A . If S is a simple algebra then 
Autfe(S') coincides with the fc*-quotient of S* ; in particular, any finite group 
G acting on 5* determines — by pull-back — a fc*-group G of fc*-quotient G , 
together with a fc*-group homomorphism [11, 5.7] 

p:G^S* 2.3.1. 

2.4. If G is a finite fc*-group, we call G-interior algebra any fc-algebra A 
endowed with a fc*-group homomorphism 

p:G — > A* 2.4.1 

and, as usual, we write x-a and a-x instead of p(x)a and ap(x) for any x G G 
and any a G A ; we say that A is primitive whenever the unity element is 
primitive in A G . A G-interior algebra homomorphism from A to another 
G-interior algebra A' is a not necessarily unitary algebra homomorphism 



f : A —¥ A' fulfilling f(x-a) = x-f(a) and f(a-x) — f(a)-x ; we say that / is an 
embedding whenever Ker(/) = {0} and Im(/) = f(l)A'f(l) . Occasionally, it 

is handy to consider the (A' G )*-conjugacy class of / that we denote by / and 
call exterior homomorphism from A to A' ; note that the exterior homomor- 
phisms can be composed [9, Definition 3.1]. For a fc*-group homomorphism 
tp : G' H» G , we denote by Res v (A) the G'-interior algebra defined by p o ip . 

Note that the conjgation induces an action of the fc*-quotient G of G on A , so 
that A becomes an ordinary G-algebra; thus, all the pointed group language 
developed in [9] applies to G-interior algebras . 

2.5. Namely, for any k* -subgroup H of G , a point a of H on A is just a 
point of the fc-algebra A H , and the pair H a is a pointed k* -group on A ; we 
denote by A(H a ) the simple quotient A H (a) and, setting 

N G (H a ) = N G (H a )/H and A(H a ) = End k (V a ) 2.5.1, 

by N G (H a ) the fc*-group determined by the action of N G {H a ) on A(H a ) , so 
that V a becomes a -/VG(_ff Q )-module called the multiplicity N G (H a ) -module 
of H a [11, 6.4]. For any i £a, iAi has an evident structure of _ff-interior 
algebra mapping x 6 H on x-i ~ i-x and we denote by A Q one of these 
mutually (A ff )*-conjugate TJ-interior algebras. If A' is another G-interior 
algebra and / : A — > A' a G-interior algebra embedding, /(a) is contained 
in a unique point a' of H on A' , usually identified with a , and / induces 
a /c-algebra embedding, a fc*-group isomorphism and an _ff-interior algebra 
isomorphism 

A(H a )—>A'(H a .) , N G (H a )=N G (H a ,) and A a & A' Q , 2.5.2. 

2.6. A second pointed fc*-group AT^ on A is contained in H a if AT is a 
fc*-subgroup of if and, for any i G a , there is j G /3 such that ij = j = j« ; 
then, it is quite clear that the (^4^)* -conjugation induces a AT-interior algebra 
embedding 

?$ : Ap — ► Rcsf (A Q ) 2.6.1. 

More generally, we say that an injective fc*-group homomorphism ip : K -4 H 
is an A-fusion from Kp to H a whenever there is a ^-interior algebra embed- 
ding 

U : A d — ► R*s v (A«) 2.6.2 

such that the inclusion A^ C A and the composition of f v with the inclusion 
A a C A arc j4*-conjugate; then, the exterior embedding f v is uniquely deter- 
mined [10, 2.8]. We denote by Fa{K/3, H a ) the set of H-conjugacy classes of 



A-fusions from Kp to H a [12, Definition 2.5] and we simply set 

F A (H a )=F A (H a ,H a ) 2.6.3; 

note that the conjugation in G induces a canonical group homomorphism 

N G {H a ) — > F A {H a ) 2.6.4. 

If A 1 is another G-interior algebra and / : A — > A' a G-interior algebra em- 
bedding, it follows from [10, Proposition 2.14] that we have 

F A (K f3l H a ) = F A ,(K fJ1 H a ) 2.6.5. 

2.7. Note that any p-subgroup P of G can be identified with its image 
in G and determines the fc*-subgroup k*-P = k* x P of G ; as usual, we 
consider the Brauer quotient and the Brauer algebra homomorphism 

Br P : A p — ► A(P) = A p / ]T A p 2.7.1, 

Q 
where Q runs over the set of proper subgroups of P , and call local any point 
7 of P on i4 not contained in Kcr(Brp) ; recall that all the maximal local 
pointed groups P 7 on A contained in H a — called defect pointe groups of H a 
- are mutually if -conjugate [9, Theorem 1.2], and that the /c-algebras A a 
and A 1 are Morita equivalent [9, Corollary 3.5]. If A 1 = iAi for i G 7, it 
follows from [10, Corollary 2.13] that we have a group homomorphism 

F A (P y ) — ► N A: (P-i)/PiAPy 2.7.2 

and we consider the fc*-group F A (P^) defined by the pull-back 
F A (P 7 ) — ► N A; (P4)/P-(Ary 

t t 2.7.3. 

*U(P 7 ) — ► iV A; (P-i)/P.(i + J(^)) 

2.8. Then, from [11, Proposition 6.12] suitably extended to fc*-groups, 
it follows that the group homomorphism 2.6.4 can be lifted to a canonical 
/c*-group homomorphism 

7V G (P 7 ) * N d (P y )° — ► F A (P y )° 2.8.1 

which, for any x G N^(P 7 ) — Nq{P^)/P and any a G (A p )* having the 

same action on A{P 1 ) , maps the element (x, a) * x^ 1 of Nq(P 1 ) * Nq(P 7 )° 
on the pair [11, Proposition 6.10] 



(r 1 ,i(i- 1 'o)i)ei ; A(P 7 ) 2.8.2, 

where x denotes the image of x in Nq(P~) , a the image of a in A(P~) , a; 
the image of x in P^(P 7 ) via homomorphism 2.6.4 and z(x _1 -a)i the image 
of i(x _1 -a)i in the right-hand bottom of diagram 2.7.3. 



2.9. If A! is another G-interior algebra and / : A — > A 1 a G-interior alge- 
bra embedding, it follows from [11, Proposition 6.8] that, denoting by 7' the 
point of P on A' containing f("f) , we have a canonical fc*-group isomorphism 

F f -(P 7 ) : F A (P 7 ) £ F A ,(P Y ) 2.9.1 

which, according to [11, Proposition 6.21], is compatible with the correspond- 
ing k* -group homomorphisms 2.8.1 and 2.5.2. More precisely, let Qs be 
another local pointed group on A and denote by 5' the point of Q on A' con- 
taining f(S) ; if there is a group isomorphism (p :Q = P which is an A- fusion 
from Qg to P 7 then, according to equality 2.6.5 above, (p is also an A' -fusion 
from Qs> to Py , so that we have two Q-interior algebra isomorphisms 

f v : A 5 S Res v (A 7 ) and /£ : A' s , S Res v (A 7 ,) 2.9.2 

and the uniqueness of the exterior isomorphisms f v and /' forces the equality 

/;<>//' = Res v (#')o/ v> 2.9.3. 

In particular, since by the very definition we have 

Fn eSv (A,)(Q S ) = F A (P 7 ) and Fr» 9 (a;,)(Q«') = F A /(P r ) 2.9.4, 

we get the following commutative diagram of /c*-group isomorphisms 

*>*«*) . 

^(Qs) = Fa(P 7 ) 

Ff(Qs) l\\ l\\ F f (P-,) 2.9.5. 

Fp (Q 5 >) 

F A >(Qs') "^ F A ,(P Y ) 

2.10. II is clear that the inclusion k* C k determines a fc-algebra ho- 
momorphism to k from the group algebra kk* of the group k* , so that k 
becomes a fcfc*-algebra; for any finite fc*-group G , it is clear that the group 
algebra kG of the group G is also a fc/c*-algebra and then, we call k* -group 
algebra of G the algebra 

fc*G = k <8) fcfe . fcG 2.10.1; 

note that the dimension of fc*G is equal to |G| . Coherently, a 6/ocfc of G is 
a primitive idempotent b of the center Z(k*G) , so that a = {&} is a point 
of G on fc*G ; as usual, we denote by Irr^(G, b) the set of Brauer characters 
of all the simple fc*G6-modules, which corresponds bijectively with the set of 
points V(k*Gb) . 

2.11. Recall that for any p-subgroup P of G we have [11, 2.10.2 and Pro- 
position 5.15] 

{KG){P) = KCAP) 2.11.1; 



in particular, if P is normal in G , since the kernel of the obvious fc-algebra 
homomorphism fc»G — > k sr {G / P) is contained in the radical J{k :t G) and 
contains Ker(Brp) , this isomorphism implies that any point of P on fc»G is 
local. Moreover, it follows from [10, Theorem 3.1] that we have 

2.11.2 For any pair of local pointed groups P 7 and Q$ on fc»G , a k^G-fusion 
from Qs to P 7 coincides with the conjugation by an element x E G such 
that Q s C (P 7 ) x . 

2.12. If G is a finite fc*-group, A a G-interior algebra and H a ^-sub- 
group of G , as usual we denote by Res^j (A) the corresponding H- interior 

algebra. Conversely, for any iPinterior algebra B , we consider the induced 
G-interior algebra 

Indf(B) = fc*G ® kt6 B ® kt6 fc*G 2.12.1, 

where the distributive product is defined by the formula 

x®b.yx' '.b' <£> j/' if yx' E H 
(x®b®y)(x'®b'®y') = { 2.12.2 

otherwise 

for any x, y,x' ,y' G G and any b, b' £ B , and where we map x E G on the 
element 

^xy^lB^y^ 1 = ^y®lB®y~ 1 x 2.12.3, 

y y 

y E G running over a set of representatives for G / H . 

2.13. For a finite p-group P , we call Dade P-algebra [13, 1.3] a simple 
algebra S endowed with an action of P which stibilizes a basis of S containing 
the unity element; actually, the action of P on S can be lifted to a unique 
group homomorphism P — > S* and usually we consider S as a P-interior alge- 
bra; moreover, the Brauer quotient S(P) is also a simple fc-algebra [13, 1.8] 
which implies that P has a unique local point p on S that very often we 
omit, respectively writing Fg(P) and F$(P) instead of Fg(P p ) and Fg(P p ) . 
Recall that two Dade P-algebras S and S' are similar if S can be embedded 
(cf. 2.4) in the tensor product End(iV) <&& S' for a suitable fcP-module N with 
a P-stable basis [13, 1.5 and 2.5.1]; we denote by T>k{P) the set of similarity 
classes and the tensor product induces a group structure on T>k (P) — called 
the Dade group of P — where the opposite P-algebra S° determines the 
inverse of the similarity class of S . 

2.14. As in [15, 9.3], it is handy to consider the category T)k where the 
objects are the pairs (P, S) formed by a finite p-group P and by a Dade 
P-algebra S , and where a morphism from (P, S) to a second S^-objcct 



(P',S') are the pairs (it, f) formed by a surjective group homomorphism 
7r : P — > P' such that Ker(7r) is Fs(P )-stable, and by a P-interior algebra 
embedding 

/ : Res x (S") — > 5 2.14.1. 

Then, we have functors f and f mapping (P, S) on Fs(P) and Ps(P) [15, 9.5], 

together a natural map f — > f mapping (P, 5) on the structural homomor- 
phism 

F S (P) — ► F<?(P) 2.14.2. 

2.15. As in [15, 9.5], we call polarization any natural map to from the 
functor f : 2)^ — > fc*-©t above to the trivial one — namely, to the functor 
mapping (P, S) on fc* and (-7T, /) on idfc» — such that if T is a P-algebra with 
trivial P-action then to maps (P, T) on the first projection in the isomorphism 

F T (P) ~ k* x F T (P) 2.15.1 

obtained from the corresponding pull-back 2.7.3. The point is that, according 
to [15, Theorem 9.21], there exists such a natural map, and we will construct 
a bijection as announced above from any choice of a polarization to , namely 
from any choice, in a coherent way, of a fc*-group homomorphism 

u iP , s) : F S (P) — ► k* 2.15.2 

for any D^-object (P, 5) . A first application of this existence concerns the 
multiplicity modules of the indecomposable fc»G- modules M having a ver- 
tex P and a P-source N such that Endfc(TV) is a Dade P-algebra. 

Lemma 2.16. Let G be a finite k* -group, M an indecomposable h*G-module, 
P a vertex and N a P-source of M ; let us denote by P/v the local pointed 
group on the G -interior algebra Endfc(M) determined by the pair (P,N). 
//Endfc(-/V) is a Dade P-algebra then the action of Ng(Pn) on the simple 
quotient (Endfc (M))(P/v) can be lifted to a k* -group homomorphism 

N 6 (P N ) — ► (End fe (M))(Pjv)* 2.16.1. 

Proof: In any case, this action determines a fc*-group Ng(Pn) and we have 
a canonical fc*-group homomorphism (cf. 2.8.1) 

N G (P N ) * N d (P N )° — *• F Endk{N) (P N )° 2.16.2; 

but, if Endfc(iV) is a Dade P- algebra, the existence of a polarization implies 
that, in particular, we have 

F E nd k (N)(P) = k* x F Endk{N) (P) 2.16.3; 

consequently, we get Ng(Pn) — -^g(Pv) • We are done. 



2.17. More generally, if S is a Dade P-algebra and A a P- interior algebra, 
it follows from [12, Theorem 5.3] that, for any subgroup Q of P, we have a 
canonical bijection between the sets of local points of Q on A and on S(&k A ; 
moreover, if A admits a P x P-stable basis by the multiplication on both 
sides, where P x {1} and {1} x P act freely, it follows from [6, Lemma 1.17] 
that, for any pair of local pointed groups Q$ and R e on A , we have 

Fs 9k A(Rsxe, Qsxs) = F S (R, Q) n F A (R £7 Q S ) 2.17.1 

where S x e and S x S denote the corresponding local points of R and Q 
on S ®fc ^4 ; in this case, since the choice of a polarization lu determines a 
k* -group homomorphism 

W(Q3csg(S)) : Fs(Q) — ► fc* 2.17.2, 

it follows from [12, Proposition 5.11] that the inclusion of Fstg, k A(Qsxs) in 
Fa(Qs) can be lifted to a k* -group homomorphism determined by u> 

VsiQs) ■ F s ® k A(Qsxs) — ► F A (Q S ) 2.17.3. 

More precisely, as in 2.9 above, if A' is a P-interior algebra and / : A — > A' a 
P-interior algebra embedding, denoting by 5' the point of Q on A' contain- 
ing f(S) , from [12, Proposition 5.11] we still get the following commutative 
diagram of fc*-group homomorphism 

Fs<g, k A(Qsxs) — > F A (Qs) 

JVd s ®/(QQx*) ^11 'II *>«*) 2.17.4. 



iW'Wsx*') ^^ JU'(Q 



3. The weights revisited 

3.1. Let G be a finite fc*-group; we say that a local pointed group Qs 
on k*G is selfcentralizing if Cp(Q) — Z(Q) for any local pointed group P 7 
on fc*G containing Qs , and that it is a radical whenever it is selfcentralizing 
and we have 

Op( F k.e(Qs)) = I 1 ) 3.1.1. 

Recall that, according to [15, 4.8 and Corollary 7.3], Qs is selfcentralizing if, 
denoting by / the block of Cq iff) determined by 5 , the image / of / in the 
fc*-group algebra of Cg(Q) = Ca(Q)/Z(Q) is a block of defect zero; note 

that, in this case, 5 is the unique local point of Q on k*G determining the 
block/. 

3.2. As mentioned in 1.2 above, a weight {R,Y) of G is formed by a 
p-subgroup RoiG and by the isomorphism class Y of the restriction to N^ (R) 
of a simple projective fc*iV ( A,(P)-module V , where we set ./Va(P) = NMR)/ R ; 



10 

let us denote by Wgt fc (G) the set of G-conjugacy classes of weights of G. 
Then, the restriction of V to Cq{R) < Nq(R) is a semisimple projective 

fc*G^(i?)-module and thus any simple direct summand W of Res^ e ;„ (V) 

is also projective, so that it determines the unique local point e of R on fc*G 
(cf. 2.11.1) in a block g of defect zero of Cq(R) ; that is to say, W deter- 
mines a selfcentralizing pointed group R e on fc„G and the stabilizer of the 
isomorphism class of W in Nq(R) coincides with Nq(R e ) . 

3.3. Moreover, it follows from isomorphism 2.11.1 that we have 

(KG)(R 6 ) £ KC d (R)g £ End fe (VK) 3.3.1 

and from 2.5 we know that VK becomes an iVc;(i? e )-module; then, since the 
iV.=,(_R)-interior algebra Endfc(^) is isomorphic to a suitable block algebra 
of Nq(R) , and since we have (cf. 2.10) 

N 6 (R £ )/C d (R)^F ktd (R e ) 3.3.2, 

if follows from [16, Theorem 3.7] and from 2.8 above that, for a suitable 
simple projective k*F k ( j(i? e )-module U restricted to Ng(R 6 )° * Nq(R 6 ) via 
homomorphism 2.8.1, we obtain 

V*hid%$l ) (W® k U) 3.3.3; 

in particular, we get 

®p( F k,G( R e)) = {1} 3.3.4, 

so that R e is a radical pointed group. 

3.4. Conversely, if R e is a radical pointed group on fc*G and U a simple 
projective fc*f fc £.(i? e )-module, it is easily checked that the restriction of U to 

Ng(Rs)° * Ng(Re) throughout homomorphism 2.8.1, together with a multi- 
plicity N Q{R e )-module W of R £ define a simple projective k :t N ( j(R)-modn[e 
via the tensor product and the induction as in 3.3.3. In conclusion, we have 
proved that 

3.4.1. The above correspondence between the sets of G-conjugacy classes of 
weights (R, Y) of G and of pairs (R £ , X) formed by a radical pointed group R e 
on k*G and by an isomorphism class X of simple projective k sr F k g(i? e )-mo- 
dules is bijective. 

Let us call b-weight of G any pair (R e ,X) formed by a radical pointed 
group R e on k*Gb and by an isomorphism class X of simple projective 
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fc*F fc £,(P £ )-modules, and let us denote by Wgt fc (G, 6) the set of G-conjugacy 

classes of b-weights of G; thus, statement 3.4.1 affirms that we have a ca- 
nonical bijection 

Wgt fc (G)-|JWgt fc (G,fo) 3.4.2 

b 

where b runs over the set of blocks of G ; in particular, any weight of G 
determines a block. 

4. Fitting pointed groups 

4.1. Let us say that a finite fc*-group G is p-solvable if the fc*-quotient G 
of G is so; it is in this case that the following definition is actually useful. We 
call Fitting pointed group of G any radical pointed group Qs on fc»G fulfilling 
the following condition 

4.1.1. For any local pointed groups P 7 and R e on k*G such that P 7 contains 
Qs and R e , any k^G -fusion from R e to P 7 coincides with the conjugation by 
an element x €E Ng(Qs) fulfilling R £ c {Py) x ■ 

Note that this condition implies that a Fitting pointed group Qs of G is 
normal in any local pointed group P 7 containing Qs . 

Proposition 4.2. Let G be a finite k* -group and Qs a Fitting pointed group 
of G . If a local pointed group P 7 on fc*G contains both Qs and a radical 
pointed group R e on fc*G, then R e contains Qs- In particular, Qs is the 
unique Fitting pointed group of G contained in P 7 . 

Proof: We already know that Qs is normal in P 7 and therefore the product 
Q-R is a subgroup of P ; but, any element y 6 Ng(R s ) induces by conjugation 
a fc*G- fusion from R £ to P 7 and therefore, according to condition 4.1.1, this 
fc»G-fusion is also induced by an element x G Ng{Qs) i in particular, the 
image of ]Vq(P £ ) in F k G (R 6 ) is a normal p-subgroup and therefore it is 
trivial. 

On the other hand, it follows from [2, Theorem 1.8] and from 3.1 above 
that e is the unique local point of R on fc»G such that R 6 C P 7 , and thus 
we have Nq(R 6 ) — Nq(R); moreover, since R 6 is selfcentralizing, we still 
have Cp(R) = Z(R) and therefore Nq.r(R) maps injectively into the group 
of outer automorphisms of R . 

Consequently, we get Nq.r(R) — {1} which implies that Q-R = R, so 
that Q C R ; finally, once again it follows from [2, Theorem 1.8] and from 3.1 
above that Qs C R e . Since any Fitting pointed group is a radical, the last 
statement is now clear. We are done. 
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Corollary 4.3. Let G be a finite k* -group and P 7 a maximal local pointed 
group onk^G . A radical pointed group Qs on fc»G contained in P 7 is a Fitting 
pointed group of G if and only if it is contained in each radical pointed group 
on k*G contained in P 7 . 

Proof: It follows from Proposition 4.2 that this condition is necessary. Con- 
versely, if Qs is contained in any radical pointed group on k*G contained 
in P 7 , it follows from [14, Theorem A. 9] that, in particular, Qs is contained 
in each essential pointed group R £ contained in P 7 ; moreover, for any x G G 

normalizing either R e or P 7 , (Qs) x is a Fitting pointed group on fc»G con- 
tained in P 7 and therefore it coincides with Qs; hence, Ng(Qg) contains 
A^(P 7 ) and Nq(R s ) for each essential pointed group R e contained in P 7 . 
At this point, condition 4.1.1 follows from [14, Corollary A. 12]. 

4.4. From now on, we assume that G is a p-solvable finite k* -group 
and let & be a block of G and P 7 a maximal local pointed group on fc*G&; 

it follows from [16, Theorem 4.6] that there exists a P -source pair (S*, L) , 
unique up to isomorphisms, formed by a primitive Dade P -algebra S and by 
a p-solvable finite fc*-group L containing P , which fulfills the following two 
conditions 

4.4.1. Ci(Op(i)) = Z[Op(L)) where L denotes the k* -quotient of L . 

4.4.2. There is a P-interior algebra embedding e 7 : (fc*G) 7 — > S (g>fc fc*L . 
Note that, according to isomorphism 2.11.1, any p-subgroup of L containing 
Op(L) has a unique local point on k*L — actually, it coincides with {1} 
(cf 2.10). In particular, P has a unique local point 7 = {1} on k*L and 
therefore it follows from [12, Theorem 5.3] that it has also a unique local 
point S x 7 on S (8>fe k*L ; then, the embedding above is equivalent to the 
existence of a P-interior algebra isomorphism 

(fc„G) 7 ^ (S ® k fc*£.)sx 7 4.4.3. 

4.5. In particular, from isomorphism 4.4.3 and from [12, Theorem 5.3], 
any local pointed group Qs on fc»G contained in P 7 determines a local pointed 

group Qs on k*L and this correspondence is bijective. Moreover, since we 
have P-interior algebra embeddings 

KL — > S° <S> k S ® fe k*L i — S°<S>k(k*G) 1 4.5.1 

and (S° ®k S) x 7 is the unique local point of P on S° <8>fc <5* Cg)fc fc»L , we still 
have a P-intcrior algebra embedding 

° : KL — ► 5° fe (fc»G) 7 4.5.2 



e 



inducing the same bijection between the sets of local pointed groups on 
(fc»G) 7 and on k*L\ then, since (fc*G) 7 and fc*L admit P x P-stable bases 
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by the multiplication on both sides, where P x {1} and {1} x P act freely, it 
follows from 2.17 above applied twice that we have 

F kt a(Re, Qs) = F kt l(Ri, Qg) C F S (R, Q) 4.5.3 

for any pair of local pointed groups Qs and R e on k*G contained in P 7 , 
and that the choice of a polarization u> and of the embedding e 7 determine 
/^-isomorphisms (cf. 2.8.3 and 2.17.3) 

Fk.e(Qs) = F s® k k,L(Qs,s) = FkAQs) 4.5.4. 

4.6. Set O = Op(L) and denote by f\ and by r\ the respective unique 
local points of O on fc*L and on (fc*G) 7 ; since O^ is clearly a Fitting pointed 
group of L , it follows from 4.5 above that O,, is a Fitting pointed group 
of G . Moreover, from the fc*-group homomorphism 2.8.1 and from the last 
statement in 2.10, we get the fc* -group isomorphism 

L/0 = F kL (0^) 4.6.1 

and therefore the choice of a polarization uj determines a fc*-isomorphism 

L/0-F ktd (O v ) 4.6.2. 

Remark 4.7. It follows from [16, 4.7] that the Dade P-algebra S above 
always come from a suitable nilpotent block admitting P as a defect group 
and therefore, according to [15, Theorem 7.8], the similarity class of S in 
the Dade group T>k(P) is a torsion element (cf. 2.13). In particular, we can 
restrict our polarizations to the full subalgebra 2)jj° r of T>k over the objects 
(P, S) fulfilling this condition. 

5. The key parameterizations 

5.1. Let G be a p-solvable finite fc*-group, b a block of G and P 1 a 
maximal local pointed group on fc„G b , and denote by (5, L) a P -source pair 
of this block and by O v the Fitting pointed group of G contained in P 7 ; in this 
section, our purpose is to show that the choice of a polarization u> determines 
two bijections 

r^ 6) :Irr fc (G,fe) - Irr fc (F fc ^(0„)) 

A (d,6) : Wgt fc (df,6)S Wgt fc (F fct< 5(0„)) 

which are natural with respect to the isomorphisms between blocks. We first 
need to know the group of exterior automorphisms 0utp((fc*G) 7 ) (cf. 2.4) of 
the P-interior algebra (fc*G) 7 ; recall that, according to [11, Proposition 14.9], 
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we have an injective group homomorphism 

Out P ((fc«G) 7 ) — >Hom(F fet6 (P 7 ),fc*) 5.1.2 

and therefore Outp((fc*G) 7 ) is Abelian. 

Proposition 5.2. With the notation above, there are group isomorphisms 

Outp ((fc*G) 7 ) = Outp(fc*L) = Hom(L, k*) 5.2.1 

mapping a G 0utp((fc*G) 7 ) on an element a G Outp(fc*L) suc/i i/iaf, for 
any P -interior algebra embedding e 7 : (fc*G) 7 — >• 5 1 £§)& k*L we have 

e 7 o <7 = (ids <8> a) o e 7 5.2.2, 

and mapping £ G Hom(L, fc*) on the exterior class of the P -interior algebra 
automorphism ofk^L sending y G L to C( w )'j/ where y is the image of y in L . 
Moreover, 0utp((fc*G) 7 ) acts regularly over the set of exterior embeddings 
from (fc*G) 7 to S ®/t fc*£ • 

Proof: Since S° x 7 is the unique local point of P on S° ®k (fc*G) 7 , embed- 
ding 4.5.2 induces a P-intcrior algebra isomorphism 

fc»L=(5°«. fc (fc»G) 7 ) SOX7 5.2.3 

and therefore, for a representative a of a , the automorphism ids c of 
5*° <8>fe (fc*G) 7 , composed with a suitable inner automorphism, induces an 
automorphism & of k*L and it is quite clear that the exterior class a of a 
does not depend on our choices, and fulfills 

e° o & = (ids ® a) o g° 5.2.4. 

Tcnsoring embedding 4.5.2 by S 1 and arguing as in 4.5 above, it is not 
difficult to prove that equality 5.2.2 also holds. Similarly, since this correspon- 
dence comes from "conjugation" via the exterior class of isomorphisms 4.4.3 
and 5.2.3, it is clear that it is a group isomorphism; actually, this argument 
also proves the last statement. 

On the other hand, for any £ G Hom(L, k*) , it is clear that the map 
sending y G L to C( w )'2/ defines an automorphism of the fc*-group L inducing 
the identity on P and thus, it determines a P-interior algebra automorphism 
of k*L ; moreover, since y is also the image of C,(y)-y in L , we clearly get a 
group homomorphism 

Hom(L, k*) — ► Autp(fc»L) 5.2.5. 
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Conversely, any P-interior algebra automorphism a of k*L stabilizes the Fit- 
ting pointed group Of, , acting trivially on O ; hence, it acts on the /c*-group 
F k i (Of,) acting trivially on its /c*-quotient F k i(Of,) C Out(O) and there- 
fore, according to isomorphism 4.6.1 above, it determines an element of 

Hom(L/0, k*) = Hom(L, k*) 5.2.6; 

clearly, any inner P-interior algebra automorphism of k^L determines the 
trivial element of Hom(L, k*) and thus, we easily get the second isomorphism 
in 5.2.1. 

5.3. We are ready to define the first bijection in 5.1.1. Since the 
restriction determines a Morita equivalence between the fc-algebras k*Gb 
and (fc*G) 7 (cf. 2.7), we certainly have a natural bijection (cf. 2.10) 

Irr fc (G,fe)^P((fc»G) 7 ) 5.3.1 

and any embedding e 7 : (fc»G) 7 — > S 0fc k*L induces an injective map and a 
fc*-group isomorphism (cf. 2.5 and 2.8.3) 

P(g 7 ) : P((fc„G) 7 ) — »• T(S ® k kS) 

Fe.,(0,) ■ hA°n) = F S9k k.L(Ps*v) 

then, the existence of embedding 4.5.2 proves that the map P(e 7 ) is actually 
bijcctive. On the other hand, the choice of a polarization u> determines a 
fc*-group isomorphism 

^s(On) ■ F s ^ ktL (Os X f,) S F kL (0^) 5.3.3. 

Finally, isomorphism 4.6.1 determines a canonical bijection 

T L :lTT k (L)=lTT k (F KL (Of,)) 5.3.4. 

Corollary 5.4. With the notation and the choice above, there is a bijection 
T« 6b) : Irr fe (G,6) S Irr fc (P^O,)) 5.4.1 

such that, for any embedding e 7 : (fc*G) 7 — > S (£) k k*L , we have the commu- 
tative diagram 



Irr fe (G,6) = V(S® k k*L) = ln k (L) 

l MF k *G(Or,)) = tek(F S9kktL (Os X r,)) = lTT k (F ktL (O r) )) 



Proof: It is clear that, for a choice of an embedding 

e 7 : (fc»G) 7 — > S ®fe k*L 5.4.3, 
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the bijections 5.3.1 and "P(e 7 ) , and the fc*-group isomorphism Fg (Or,) above 
determine the horizontal left-hand bijections in diagram 5.4.2; the top hori- 
zontal right-hand bijection follow from 2.10 and 2.17, and the bottom hori- 
zontal right-hand bijection from isomorphism 5.3.3 up to the choice of lo ; 
then, the bijection T^ and the commutativity of the diagram define the bi- 
jection T- dh) . 

We claim that this bijection does not depend on the choice of e 7 ; indeed, 
for another choice e' of this embedding, it follows from Proposition 5.2 that 

there is a e 0utp((fc„G) 7 ) fulfilling 

e! = e~ ( o a = (ids ®o)oe 1 5.4.4 

and therefore, with obvious notation, we get the following commutative dia- 
grams 

Irr fc (G,6) 2 V((k*G) 7 ) Si V(S® k KL) 

|| || i|| v(fd s ®v) 5.4.5 

Irr fe (G,6) Si 7>((fc*G) 7 ) £ V(S® k KL) 

lrr k (F g , (O v )) 

II l\\ i^(% 8 ,(o S x,)) 5.4.6. 

, Irr fc (F^(0^)) 
^M F KG(0v)) = lM F S® k k,L(°Sxr))) 

Moreover, we have the evident commutative diagram 
V(S® k k*L) = Irr fc (L) 

V(id s ®ir) l\\ l\\ Irr fc (?) 5.4.7; 

V(S® k k*L) Si Irr fc (i) 

on the other hand, since the groups of fc*-group automorphisms of F, i(Of)) 
and F s ^ k i(Osxf)) which induce the identity over (cf. 2.17 applied twice) 

F k .L(Or,) = F S9k k.L(0sxr,) 5.4.8 

are both canonically isomorphic to the Abelian group Hom(.F fc ^((9^),fc*) , 
we still have the commutative diagram 

l M F S® k k*L(Osxr,)) = lM F k*L(Or,)) 

I«*(4 s ^(Osx^)) l\\ l\\ Irr fc (#-(0„)) 5.4.9. 

l M F S® k k,d°Sxr))) = lTT k (F ktL (O r) )) 
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Finally, from isomorphism 4.6.2 we obviously get the following commu- 
tative diagram 

Irr fc (o-) 

Irr fc (i) = Irr fe (L) 

r L i\\ i|| r L 5.4.10; 

lM F k,L(On)) = hv k ( F k,l( v)) 

now, our claim follows from putting together all these commutative diagrams. 

5.5. In order to define the second bijection in 5.1.1, let (R e ,X) be a 
b-weight of G ; for our purposes, we may assume that P 7 contains R e ; then, 
R e and Ri respectively contain O n and Oq ; recall that, with the notation 
and the choice in 4.5 above, we have fc*-group isomorphisms 

F kA R z) = F s® k k,L(Rsxi) S F^lfe) 5.5.1 

and, in this case, X determines an isomorphism class X of simple projec- 
tive k*F k £(i?e)-modules; moreover, we clearly have Nj^(R £ ) = N^(R) and 
from 2.11.2 it is easily checked that the fc*-group homomorphism 2.8.3 in- 
duces a k* -group isomorphism 

N L (Rt) Si F ktL (Re) 5.5.2; 

consequently, the pair (i?, X) is a weight of L . 

Proposition 5.6. With the notation and the choice above, let (R £ ,X) and 
(R' e ,,X') be b-weights of G such that P 7 contains R e and R' £ , . If (R £ ,X) and 
(R' s i,X') are G-conjugate then the corresponding weights (R,X) and (R',X') 
of L are L-conjugate. In particular, this correspondence induces a bijection 

Wgt£(e 7 ) : Wgt fc (G, b) * Wgt fc (i) 5.6.1. 

Proof: Assume that (R' £ ,,X') X = (R £ ,X) for some x € G; then, the conju- 
gation by x determines a (k sr G)~ j -fusion (p from R £ to R' £ , (cf. 2.6), and the 
corresponding i?-intcrior algebra isomorphism 

f v : (fc»G) £ £ Rcs v ({k*G) 6 ,) 5.6.2 

induces a fc*-group isomorphism (cf 2.8.3) 

F u(Re) : F (kt6)e (Re) = F (kt G)JK') 5.6.3; 

actually, we have X = Res^,_ , R JX r ) . 

ftp ^ ' E ' 
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But, according to equality 4.5.3, the group homomorphism ip is also 
a k^L-fusion from Ri to R' it , so that ip : R = R' is also induced by some 
element x G L (cf. statement 2.11.2); moreover, we have the corresponding 
i?-interior algebra isomorphism 

f v :{Kl)i=^cs v ({KL)e>) 5.6.4 

inducing a fc*-group isomorphism (cf 2.8.3) 

FfjRi) ■ F(k,L h m = F { k,L) c ,(R'i') 5-6-5. 

Then, the commutativity of diagrams 2.9.5 and 2.17 A applied here yields 
the following commutative diagrams of fc*-group isomorphisms 

- F (fe»G)-,(' R £) - F S® k k,L( R Sxi) - F k,L( R i) 

FfJRe) l\\ l\\ 1\\f (R c ) 5.6.6. 

J f J ip 

F (k,G)^( R 'e') ~ F S® k k,L( R 'sxi>) ~ F k,L( R i') 

Consequently, we also have X = Res^,. , R \(X') and therefore we get 

{R' i ,,X'f = {R i ,X) 5.6.7; 

that is to say, the correspondence above induces a map 

Wgt£(e 7 ) : Wgt fe (G, b) — ► Wgt fc (L) 5.6.8. 

which is quite clear that it is a bijection. We are done. 

Proposition 5.7. With the the notation above, the canonical k*-group iso- 
morphism L/O = F, ^(Ojj) induces a bijection 

A L : Wgt fc (i) - Wgt k (F ktL (O r) )) 5.7.1. 

Proof: Let (R, Y) be a weight of L ; since the unity element in k*L is a 
block of L and condition 4.4.1 holds, R has a unique local point e on k*L and 
Ri is a radical pointed group which contains O^ (cf. Corollary 4.3); more- 
over, since we have the fe*-group isomorphism L/O = F k ^(O^) (cf. 4.6.2), 
setting R = R/O and identifying R with its image in F, i{Of/) , the normal- 
izcr Nj^(Ri) = Nj^(R) is just the converse image in L of Np, , Q \{R) and 
therefore we have the canonical k* -group isomorphism 

N l (R)=N Kl{0 ^(R) 5.7.2; 
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in particular, Y determines an isomorphism class Y of simple Np ,qs(R)- 
modules of vertex R, so that the pair (R, Y) is a weight of F. i(Ofj) . 

Conversely, if we start with a weight (R,Y) of F k i(O r )) , it is clear 
that, for the converse image R of R in L , isomorphism 5.6.2 still holds and 
therefore Y determines an isomorphism class Y of simple fc*L-modules of 
vertex R , so that the pair (R, Y) is a weight of L . Since this correspondence 
is compatible with the L-conjugation, we get the announced bijection 5.6.1. 

Corollary 5.8. With the notation and the choice above, there is a bijection 
A£ i6) : Wgt fc (G,6) - Wgt fc (F fc><5 (0„)) 5.8.1 

such that, for any embedding e 7 : (fc*G) 7 — > S (§)& k*L , we have the commu- 
tative diagram 

Wgt£(e 7 ) 

Wgt fc (G,6) = Wgt fc (L) 

wgtfe^^co,)) s w g t fe (\ z (cg) 

where the bottom bijection is induced by the k* -group isomorphisms 

F kA°n) = F s® k k,L(°sx>n) = F kt L(Or,) 5.8.3. 

Proof: It is clear that, for a choice of e 7 , Propositions 5.6 and 5.7, and the 
commutativity of the diagram define the bijection A"*, . We claim that this 

bijection does not depend on this choice; indeed, for another choice e' of this 

embedding, it follows from Proposition 5.2 that there is a £ Outp((fc»G) 7 ) 
fulfilling 

e 7 = e 7 o a = (ids ® ct) o e 7 5.8.4; 

in particular, if (R £ ,X) is a b-weight of G and (Ri,X) the corresponding 
weight of L in 5.5 above — X is the isomorphism class of a simple projec- 
tive fc„F fc ^(i?e)-module V restricted to N^(R) — then Wgt£(e' ) sends the 
G-conjugacy class of (R e , X) to the L-conjugacy class of (Re, X') where X' is 
the isomorphism class of corresponding the simple projective k*F k ^(Ri)-uio- 
dule Res^, , R \(V) , since Hom(X, k*) clearly acts trivially on the set of local 

pointed groups on k*L and we have the commutative diagram (cf. 2.17.4) 

F s® k k,L( R sxi) - F k«d R £) 
\«»(i«sx*) l\\ l\\h(Ri) 5-8-5. 

F s® k k,l( R sxi) - F k,d R e) 
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Now, setting R — R/O , since we have (cf. isomorphisms 4.6.1 and 5.5.2) 

KdRi) = N L (Ri) = N L (R) - N Kl(0 JR) 5.8.6, 

V determines a simple projective Np , /q.\ (-R)-module V ; moreover, since 

Hom(i,fc*) clearly stabilizes L and it acts trivially on P, the correspond- 
ing representative & of a induces a fc*-group automorphism a of F k i(Oj,) 
(cf. isomorphism 4.6.1) which stabilizes Np , AR) , and it is quite clear 
that, with obvious notation, we get the following commutative diagram 

Kim = xp ktt (ot)W 

h&e) 'II l\\Ns(R) 5.8.7; 

F k ,L(Ri) = ^(O,)^) 
hence, via isomorphisms 5.6.7, Res^, ir.)(V) determines the simple projec- 
tive Np ,/ .\ (-R)-module Res^ i _ 1 r^\ (V) . 

At this point, denoting by X and X' the respective isomorphism classes 
of the Np ,q s (_R)-modules V and Resjy.^rg^V') , it follows from Propo- 
sition 5.7 that A^ maps (Ri,X) on (R,X), and (Ri,X') on (R,X'). But, 
we also have the following commutative diagram (cf. 2.17.4) 

*s(0„) . 
F S® k k. t d°Sxr)) = F k,L(°v) 

^a S 8*(Osx«) 2 1| l\\h(Or,) 5.8.8 

4>£(0») . 

F S® fc fc,L(°Sxr)) = F k,l( v) 

and we consider its restriction to all the normalizcrs of R . Consequently, 
since we have (cf. 5.8.4) 

hi, {Or,) = F fds ^(0 Sx r,) o F g7 (0„) 5.8.9, 

the corresponding bottom bijcctions in diagram 5.8.2 maps the weights (R, X) 
and (R, X') of F fc i(Oj,) on the same weight of F> i{Of,) ■ We are done. 

6. The Fitting block sequences 

6.1. In order to exhibit bijcctions between the sets of isomorphism classes 
of simple A;* G- modules and of G-conjugacy classes of weights of G , we need 
a third set, namely the set of G-conjugacy classes of Fitting block sequences 
of G . We call Fitting block sequence of G any sequence B = {(G n , & n )}neN of 
pairs formed by a fc*-group G„ and by a block b n of G n , such that Go = G and 
that, for any n £ N, we have G n +i = F^ 6 (Q 1 ! ) ^ or some Fitting pointed 
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group O" of G n . Note that, since clearly |G„+i| < \G n \ , such a sequence 
stabilizes, and actually we have G„+i| = \G n \ if and only if b n is a block 
of defect zero of G n (cf. statement 4.4.1). Moreover, for any h £ N, the 
sequence S/j = {(G/j+„, &/i+ n )}neN is clearly a Fitting block sequence of G/j . 

6.2. If G' is a fc*-group isomorphic to G and 6* : G = G' a fc*-group 
isomorphism of G , it is quite clear that, from any Fitting block sequence 
B = {(G n , & n )}neN of G, we are able to construct a Fitting block sequence 
B' = {(G' n , b' n )} n( zfi of G' inductively defining a sequence of fc*-group isomor- 
phisms $ n : G n = G' n \yy Oq = 6 and, for any n G N , by (cf. 2.9) 

6 n+1 = F § JO n n J : F kt6n (O n v J S F K6 , n {e n {O n ) 9n{7}n) ) 6.2.1, 

where we sill denote by 9 n : k*G n = k*G' n the corresponding /c- algebra iso- 
morphism, and setting 

b' n = e n (b n ) and G„ +1 =F^(#„(O n ) Mj)ri) ) 6.2.2 

for any n G N . In particular, the group of inner automorphisms of G acts 
on the set of Fitting block sequences of G and then we denote by Fbsfe(G) 
the set of "G-conjugacy classes" of the Fitting block sequences of G , and by 
N G (B) the stabilizer of B in G . 

6.3. In this section, our purpose is to show that the choice of a polariza- 
tion u> determines two bijections 

Fbs fe (G) =Irr fe (G) and Fbs fe (G) S Wgt fe (G) 6.3.1 

which are natural with respect to the fc*-group isomorphisms, the composition 
of the inverse of the first one with the second one being our announced 
parameterization. 

6.4. Let B = {(G„, &n)}n<=N be a Fitting block sequence of G , so that we 
have G n+ \ = F k ^ (0^ n ) for some Fitting pointed group O™^ of G„ and, 
choosing a polarization u) , we denote by 



r?£ n)6 s : Irr fe (G„,6„) = Irr fe (G„+i) 
A^ n]6n) : Wgt fe (G„,&„) - Wgt fe (G„ +1 ) 



6.4.1 



the bijections coming from Corollaries 5.4 and 5.8. Let us call charac- 
ter sequence us -associated to B any sequence {<p n }n&i where ip n belongs to 
Irrfe(G„, b n ) in such a way that we have 

r£5 Bi6n) (¥>„)=¥>»+! 6.4.2 
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for any n G N. Similarly, let us call weight sequence u> -associated to B any 
sequence {(R n , Y n )} n& -^ where (R n , Y n ) is the G n -conjugacy class of a weight 
(R n ,Y n ) of G n , determining a G„-conjugacy class (i?™ ,X n ) of b n -weights 
of G n (cf. statement 3.4.1) in such a way that we have 



A" dn ((R n en ,X n )) = (i?"+ 1 ,r™+ 1 ) 6.4.3 

for any n G N . 

Theorem 6.5. With the notation and the choice above, any Fitting block se- 
quence B = {{G n ,b n )} n eN of G admits a unique character sequence {</? n } n eN 
and a unique weight sequence {(R n ,Y n )} n< ziq uj -associated to B. Moreover, 
the correspondences mapping B to ipo and to (R°,Y°) induce two natural 
bijections 

Fbs fc (G) ~Irr fc (G) and Fbs fc (G) * Wgt fe (G) 6.5.1. 

Proof: Since the sequence B stabilizes, we can argue by induction on the 
"length to stabilization" . If this length is zero then the block bo is already of 
defect zero and therefore Irrfc(Go,&o) has a unique element tpo and, setting 
<Pn = fa for any n G N , we get a character sequence w-associated to B ; 
similarly, Wgt fc (Go, &o) has a unique element and the corresponding constant 
sequence defines a weight sequence w-associated to B . 

If the "length to stabilization" is not zero then the Fitting block se- 
quence B\ — {(Gi+„,6i+ n )} n gN °f G\ already admits a character sequence 
{<fii+n}n£N and a weight sequence {(R 1+n ,Y 1+n )} ne ^ w-associated to B\ ; 
then, in order to get a character sequence and a weight sequence w-associated 
to B, it suffices to define (cf. 6.4.1) 

6.5.2 



(i?0 o ,X0 ) = (A^^)- 1 (( J Ri,Fi)) 



(Go.&oV 



and to consider the G-conjugacy class (R°,Y°) of weights of G determined 
by (R° eo , X°) (cf. statement 3.4.1). 

On the other hand, since the maps Tf- , , and A"- , . are bijective, 
equalities 6.4.2 and 6.4.3 show that a character sequence {i/3„}neN and a 
weight sequence {(R n ,Y n )} ne fi cj-associated to B are uniquely determined 
by one of their terms; but, for n big enough, we know that b n is a block 
of defect zero of G„ and then tp n and (R n ,Y n ) are uniquely determined; 

consequently, {<£ ra }neN and {(R n , F n )} n eN are uniquely determined and it is 
quite clear that they only depend on the G-conjugacy class of B ; thus, since 
T"- and A". are natural, we have obtained two natural maps 

(Ct„,6„) (Ct„, n ) 

Fbs fc (G) — >Irr k {G) and Fbs fc (G) — > Wgt fe (G) 6.5.3. 
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We claim that they are both bijective; actually, we will define the inverse 
maps. For any tp e Irrfc(G) , we inductively define two sequences {(/3„}„ e pf 
and {(G n ,b n )} n€ fi by setting ipo — ip , Go = G and by denoting by bg the 
block of tp , and further, for any n G N , by setting 

p n+ i= r£ niM (¥>n) , G n+1 = F Kd JO n v J 6.5.4 

for some Fitting pointed group 0™ n on k*G n b n , and by denoting by b n +\ 
the block of (p n +i ', then, it is clear that B — {(G n , & n )}neN is a Fitting block 
sequence of G and that {p n }neN becomes the character sequence cj-associatcd 
to B ; note that, our construction only depends on the choice of the Fitting 
pointed group 0™ n on k*G n b n for a finite set of values of n . Moreover, 

since all the Fitting pointed group on k*G n b n are mutually G„-conjugate 
(cf. Proposition 4.2), ip determines a unique G-conjugacy class of Fitting 
block sequence of G . That is to say, we have obtained a map 

Irr fc (G) — ^Fbs fe (G) 6.5.5 

and it is easily checked that it is the inverse of the left-hand map in 6.5.3. 

Analogously, for any (R, Y) 6 Wgt fc (G) , we inductively define two se- 
quences {(R n ,Y n )} neN and {(G„,6„)}„ g n by setting (R°,Y °) = (R,Y), 
Go = G and by denoting by bo the block of Go determined by (R, Y) (cf. bi- 
jection 3.4.2), and further, for any n 6 N, by setting 



(iJn+i,F«+i) = A- 6n6 ((i?» n ,X»)) , G ?l+1 = F Kd JO n v J 6.5.6 



where {R n Cn ,X n ) is the b n -weight of G„ determined by (R n ,Y n ) and O™^ a 
Fitting pointed group on fc»G n 6„ , and by denoting by 6 n +i the block of deter- 
mined by the weight (R n+1 ,Y n+1 ) (cf. bijection 3.4.2); then, it is clear that 
B = {(G n ,6„)}„ e N is a Fitting block sequence of G and that {(R n ,Y n )} ne fi 
becomes the weight sequence w-associated to B . As above, our construction 
only depends on the choice of the Fitting pointed group O™ on fc*G„6„ for 
a finite set of values of n and therefore we have obtained a map 

Wgt fc (G)^Fbs fc (G) 6.5.7 

which is the inverse of the right-hand map in 6.5.3. 

7. Vertex, sources and multiplicity modules 

7.1. Let G be again a p-solvable finite fc*-group and choose a polariza- 
tion u> ; then, it follows from Theorem 6.5 above that any simple fc*G-mo- 
dule M determines a G-conjugacy class (R, Y) of weights of G and in this 
section we discuss the relationship between this G-conjugacy class (R, Y) and 
the G-conjugacy class of the triples formed by a vertex Q , a Q-source E and 

a multiplicity TV q (Q)e~ module V of M (cf. 2.5). 
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7.2. Actually, M also determines a G-conjugacy class of Fitting block 
sequences B = {(G„, & n )}neN ; let us denote by {O™ }„<=n the corresponding 
sequence of Fitting pointed groups O n on fc*G„&„ , so that for any n G N 
we have 

G n+1 =F k , 6 (O n v J 7.2.1; 

let P" be a maximal local pointed group on k^Gn containing O n and 

(S'n, L n ) a P n -source pair for k*G n b n (cf. 4.4); note that, according to state- 
ment 2.11.2 above and to [12, Lemma 3.10], up to a suitable identification, 
pn _ pn jQn j g & gylow p-subgroup of G n +i and therefore there is x G G n+ \ 
such that ( y P n ) x contains P n +i ; thus, since the sequence B "stabilizes", up to 
finite number of choices we may assume that P n contains P n +i for any n G N . 

7.3. Moreover, from Theorem 6.5 we still obtain a weight sequence 
{(R n ,Y n )} neN w-associatcd to B starting on (R,Y) = (R°,Y°) , and from 
Corollary 5.4 we get a simple sequence {M„}„ e pj w-associated to M of sim- 
ple fc»G„-modules M n inductively defined by Mq — M and, denoting by ip n 
the Brauer character of M n , by ip n +i — T"- Afn) for any n G N; ex- 

plicitly, the Morita equivalence between k*G n b n and (fc*G„) 77l determines a 
simple (fc*G n ) 77l -module (M n ) ln and let us set 

End fe (M„) 7n =End fe ((M n ) 7n ) 7.3.1; 

then, choosing an embedding (cf. statement 4.4.2) 

the restriction via the embedding 4.5.2 determines a simple fc»L„-module M n 
which becomes a simple k*F k i(O r ^ )-modulc (cf. isomorphism 4.6.1); finally, 
we may assume that we have (cf. isomorphism 4.5.4) 

M n+1 = Res^ , Qn )o p (0 „ )(M n ) 7.3.3. 

7.4. For any n G N , let Q™ be a vertex and P„ a Q n -source of M„ ; 
denoting by Q'g the corresponding local pointed group on Endfc(M„) , it is 

clear that there is a local point 5 n of Q n on fc*G n 6„ which has a nonzero 
image in (Endfc(M„)) {Q n En ) ; thus, we may assume that P™ n contains Q n &n 
and it follows easily from [9 Proposition 1.6] applied to Endfc(M) that Q n s 
is a radical pointed group on fc*G„&„ , so that Q n & contains O™ (cf. Propo- 
sition 4.2). 

Lemma 7.5. With the notation above and up to a suitable identification, the 
quotient Q n = Q n /O n is a vertex of M n+ \ . In particular, there is x G G n +\ 
such that (Q n f = Q n+1 . 
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Proof: Since Q n is a vertex of M n and P™ contains Q 1 }^ , we have 

End fc (M„) 7 „(Q™)^{0} 7.5.1 

and therefore we still have 

(End fe (M n+1 ))(Q n ) = (End fc (M n ))(Q n ) 7^ {0} 7.5.2, 

so that there is x £ G„+i such that (Q™) 2 C Q n+1 . 

Conversely, denoting by Q n+1 the converse image of Q n+1 in P™ and 
by a; a lifting of a; to Ng„(0™) , we have (Q") 1 C Q n+1 ; moreover, since 
Qn+i c pn ) it is clear that 5 n (g«+i) ^ {0} and therefore we get 

(S„® fc End fe (M„))(Q" +1 ) 753 

= S„(Q" +1 ) ® fc (End fc (M n+1 ))(Q" +1 ) ^ {0} 
which implies that Endfe(Af„) 7?i ((5 n+1 ) 7^ {0} and a frotiori that 

(End fe (M„))(Q" +1 )^{0} 7.5.4; 

thus, Q n+1 is contained in a vertex of M n and thus we have (Q n ) x = Q n+1 . 

7.6. Once again, since the sequence B "stabilizes", up to finite number 
of choices we may assume that Q n = Q n+1 for any n G N ; at this point, 
setting Q = Q° , these equalities determine group homomorphisms 

Pn :Q^Q n cP n 7.6.1 

and therefore we have a Dade Q-algebra Kes Pn (S n ) for any n 6 N ; then, 
since all but a finite number of these Dade Q-algebras are isomorphic to k , 
it makes sense to define the Dade Q-algebra 

T = (g)Res p „(5„) 7.6.2; 

nGN 

more generally, we denote by Th the Dade Q^-algebra obtained from the 
tensor product (8) r ieN^- cs Ph+ n ('5'' l +™) f° r am/ h e N . We are ready to de- 
scribe a vertex Q and a Q-source E = Eq of M ; as it could be expected, 
our parameterizations agree with the correspondence exhibited by Okuyama 
in [8]. 

Proposition 7.7. With the notation and the choice above, R is a vertex 
of M and, assuming that Q — R , an R-source E of M is determined by an 
R-interior algebra embedding Endfe(i^) — > T . 

Proof: We argue by induction on the "length to stabilization" of B ; if this 
length is zero then we have Q = {1} = R and T = k , so that everything is 
clear. Otherwise, considering the fc*-group G\ , the simple fc*Gi-module M x , 
the Fitting block sequence B\ = {(Gi+ n , 6i+ n )}neN and the Gi-conjugacy 
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class (R 1 , Y 1 ) of weights of G\ determined by M\ , it follows from the induc- 
tion hypothesis that we may assume that Q 1 — R 1 and that an i? 1 -source E\ 
of M\ is determined by an ^-interior algebra embedding Endfe(i^i) — > T\ . 

But, it follows from Lemma 7.5 that we may assume that Q is the con- 
verse image of Q 1 in P , and from Corollary 5.7 that R is G-conjugate to 
the converse image of R 1 ; consequently, R is also a vertex of M and we 
may assume that R = Q . Moreover, we clearly have a P°-interior algebra 
embedding (cf. 7.3) 

End fc (M ) 70 — ► S ®fc End fe (Mo) 7.7.2 

and therefore, since we have Q° o C P° (cf. 7.4), we can choose an i?-source 
E of Mq = M such that embedding 7.7.2 determines an i?-interior algebra 
embedding 

End fe (S) — > Res po (S ) <E) k End^^) — > Res po (^ ) ®fc Ti = T 7.7.3. 

We are done. 

7.8. From now on, we assume that Q n = R n for any n E N and, as 
in Lemma 2.16 above, we denote by R n E the corresponding local pointed 

group on Endfc(A / /„) ; let us consider a multiplicity k*N Q n (R n E )-module V n 
of M n ; since by Proposition 7.7 we already know that Endfe(£' n ) is a Dade 
i?"-algebra, it follows from Lemma 2.16 that there exists a fc*-group isomor- 
phism 

N Gn {R n E J = N 6n (R\) 7.8.1 

which, according to the fc*-group homomorphism 2.8.1, depends on the choice 
of a splitting for the fc*-group (cf. 2.9 and Proposition 7.7) 

-pEnd fc (M„)(-R T E„) — -pEnd fc (B„)(-R£„) — F Tn {R U ) 7.8.2 

and indeed, from our choice of the polarization u> , we have the splitting 

w (i jn iTn) : F Tn {R n ) — > k* 7.8.3. 

7.9. On the other hand, for any n € N , let W n be the restriction to the 
stabilizer Nc n {R n s )e„ in Na n (R r s ) of the isomorphism class of E n , of a 
multiplicity k^N Q n (R n s )-module of R n & (cf. 2.5); more explicitly, denoting 
by b(6 n ) the block of Cg (R n ) determined by S n , since R n s is a radical 
pointed group on fc*G„ , we have (cf. 2.11.1 and 3.1) 

KC Gn {R n )l{5 n ) = End fc (VK„) 7.9.1. 
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Consequently, since (Endfe(M„))(i? r g. ) = Endk(V n ) has a C c j(i? n )-interior 
algebra structure, it makes sense to consider b(S n )- (Endk(M n )^j (R n E )-b(5 n ) 

as a NG n {R n E )(5„-interior algebra and, from the structural homomorphism 
above, we get an injective fc-algebra homomorphism 

(hG)(R n s J^b(S n y(End k (M n ))(R n E J-b(8 n ) 7.9.2; 

then, denoting by NG n (R n E )g n the stabilizer of S n in NG n {R n E ) an d setting 

N B n n = iV Gn (^J 5n * (N G jR n s J En )° 7.9.3, 

it follows from [9, Proposition 2.1] that, for a suitable primitive N n n -interior 
algebra B n , we have a N Gn (R ,1 e )-intcrior algebra isomorphism 

End fc (K)£lndJ OB [~r»! (k*C 6n (R n )b(5 n ) ® k B n ) 7.9.4; 

actually, it is easily checked that the subgroup 

C G (R n ) £ C G {R n ) * C G {R n )° c N E n n 7.9.5 

has a trivial image in B n so that, up to an obvious identification, B n becomes 
an N n /Cq (-R")-interior algebra. 

7.10. Similarly, denoting by U n a simple projective k*N G (R n )-module 
which restricted to N G (R n ) belongs to the isomorphism class Y n , it follows 
from [16, Proposition 3.2] applied to the primitive N G (i?")-interior algebra 
Endfe([/ n ) that, setting 

N n = N Gn (R n s J * N Gn (R n s J° 7.10.1, 

for a suitable primitive iV„-interior algebra D n we have 

End k (U n ) ~ Ind^"[^ } } (fc^JiT)^) ® fc D n ) 7.10.2; 

actually, it is clear from its very definition that D n becomes a N n /C Gn (R n )- 
interior algebra and note that, according to homomorphism 2.8.1, we have a 
canonical fc*-group isomorphism 

N n /C Gn (R n ) = KgS r \) 7 - 10 - 3 - 

In order to relate D n with U n +\ , we have to consider the following k* -group 
isomorphism. 
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Proposition 7.11. With the notation and the choice above, there is a 
k* -group isomorphism, 

"<f> n : F kf6n (R n s J ~ N dn jR n+1 ) 7.11.1 

such that, for any P n -interior algebra embedding 

we ftave t/ie commutative diagram 

F fe»G„( i? ™-„) - F S n ® k k,L n ( Rn Sn xO ~ F k t L n ( Rr lJ 

l\\ 

<->„ l\\ N Ln (R n ) 7.11.3. 

ill 
%, +1 (# n+1 ) = Nf s 9 „ L (o S x . )(^") = *> fc £ (o- )(^") 

Proof: Choosing a P"-interior algebra embedding e 7 : (fc*G) 7 — >• 5 £S>fc fc*£ , 
we have fc*-group isomorphisms (cf. 5.5.1) 

n.6„(^„) = ^fc.U^xJ = ^ ^,l„(^1) 7.11.4; 
similarly, the fc*-group isomorphisms 4.5.4 applied to O" yield 

^W^J = F SMLn (O n SnXf ,J 2 *U B ( 3J 7.11.5; 

furthermore, setting R n = R n /O n , we have canonical fc*-group isomorphisms 
(cf. isomorphisms 4.6.2 and 5.5.2) 



h,L n {RV = %,(#") = \ iti( o« n )(^) 



7.11.6. 



Now, it is clear that the commutativity of the corresponding diagram above 
defines a k* -group isomorphism "0„ . 

We claim that this fc*-group isomorphism does not depend on the choice 
of e 7n ; indeed, for another choice e' of this embedding, it follows from 

Proposition 5.2 that there is a n £ Outp™ ((fc*G„) 7n ) fulfilling 

e' ln — e 7n o a n — (idg n <r„) o e 7n 7.11.7 
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and therefore, with obvious notation, we get the following commutative dia- 
grams 

^„ (i? "" } *S„(*4„) 

Fk,G n ( Rn sJ ~ ^S n k k,L n ( Rn Sn x5j ~ Fk,L n ( Rn sJ 

II ^5**(«5„x* B ) ?ll Wj ^11 7AL8 

F k t G n ( Rn 6„) ~ F S n ®kk,L n ( Rn SnX 5 n ) - F k,L n ( RT IJ 



F e> (<>") 



*s„(0^ 



F k, G J0V = F s n ® k k,i n m nXfln ) = f kL jo-j 
II ^ g9i m nXtln ) i\\ h(o-j i\\ 7.11.9. 

Now, the commutativity of the corresponding diagram above follows 
from these commutative diagrams and from the naturality of the right-hand 
vertical isomorphisms in the diagram. We are done. 

Corollary 7.12. With the notation and the choice above, we have an 
F k G ( Rr s ) -interior algebra isomorphism 

D n = Res^ n (End fc (C/„ + i)) 7.12.1. 

Proof: Since Endfc(J7„) is actually isomorphic to a block of defect zero of 
the /c*-group N G (R n ) (cf. 7.10), it follows from [16, Theorem 3.7] and from 
isomorphism 7.10.2 above that D n is isomorphic to a block of defect zero of 
the fc*-group F k G {R n & ) and then isomorphism 7.12.1 easily follows from 
the commutativity of diagram 7.11.3 above. 

7.13. On the other hand, according to Proposition 7.7, we have R n - and 
i?™ +1 -intcrior algebra embeddings 

End/c(£„) — > T n and End fc (i?„ + i) — > T n+1 7.13.2; 

but, denoting by t n , i n +i and s n the respective similarity classes in the Dade 
group T>k{R n ) of T n , of the restriction to R n of T n+ \ , and of S n (cf. 2.13), we 
clearly have t n = s n + t n+ \ (cf. 7.6) and therefore any automorphism of R n 
stabilizing s n stabilizes t n if and only if it stabilizes t n +i ; moreover, it follows 
from the inclusion in 4.5.3 that F k G (R n 5 ) stabilizes s n . Consequently, since 
t n and £„_|_i respectively determine the isomorphism classes of E n and of the 
restriction to R n of E n+1 , the stabilizers in F k G (R n 5 ) of these isomorphism 
classes coincide with each other, and therefore we have a canonical surjective 
homomorphism 

v n : N Gn (R n 5 J En = N Gn (R n E J Sn — ► N Gn+1 (R n ^ +i ) 7.13.3. 
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Proposition 7.14. With the notation and the choice above, there are a 
k* -group homomorphism and a N n -interior algebra isomorphism 

. N 7.14.1 

/„ : B n 2 Rcs,„((End fc (M n+1 ))(i?" i + 1 +i )J 

such that, for any P n -interior algebra embedding 

^7n * \k*( JT n)'y n ^ &n &fc ^*-^n ' .14. Z, 

we have the commutative diagram 

B n = (End fe (M„))(i?^) 

/» ? II ?ll 7.14.3. 

(End k (M n+1 )){R n £ +i ) = (End k (M n ))(R\J 

Proof: We have a structural injective fc-algebra homomorphism (cf. 7.3.1) 

(KG) 7n (R n 5 J — ► (End fe (M„))(^J 7n 7.14.4 

and, as in 7.9 above, denoting by C n the centralizer in Endfe(M„) 77i (_R ? ^ ) 

of the image of (k^G n ) ln (R r g ) , it follows from [9, Proposition 2.1] that we 
have a fc-algebra isomorphism 

End fe (M„) 7 „(i?™ B J £ (k*G) 7n (R n ) ® fc C n 7.14.5. 

Moreover, always according to [9, Proposition 2.1], the obvious commutative 
diagram 

(KG) 7n (R n 5 J — ► (fc»G)(^J 

1 1 7.14.6 

End fe (M„) 7n (^J — ► 6(5„).(End fc (M n ))(i^ B )-6(<J n ) 

induce a canonical fc-algebra isomorphism C n — B n which allows us to iden- 
tify both centralizers. 

Choosing a ^"-interior algebra embedding (cf. statement 4.4.2) 

e 7n • \k*G n )ry n > o n tS>k k*L n 7.14.7, 

note that (k^L n )(R n - ) = fc since i?^ and i?'- are radical and therefore they 
are self centralizing; then, the corresponding commutative diagram 

(k*G n ) 7n (R n s J — » S„(i?") 

1 1 7.14.8 

(End fe (M„))(i?^J — ► S n (iJ»)® fc (End fc (M n ))(i^) 
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and the argument above yield the top fc-algebra isomorphism 

B n = (End k (M n ))(R\) 7.14.9 

in the diagram 7.14.3 above, and the fc*-group isomorphism 

N E n n /C G {R n ) S N Ln {R\) 7.14.10. 

Moreover, according to 7.3, we get 

End fe (M„) £ End fe (M„) £* End fc (M„ +1 ) 7.14.11 

with the interior structures coming from the fc*-group isomorphisms (cf. 4.5.4 
and 4.6.1) 

L n /O n * F KL JO n ^J * G n+1 7.14.12; 

consequently, we still get 



7.14.13 



(Endfc(M„))(i^ B ) = (End fc (M„))(i^ B ) 

^(EndfcCM^))^^; 

with the interior structures coming from the fc-group isomorphisms 

N Ln {R\) = ^F ktt jo^ n )(R\) = N Gn+1 (R n t\J 7 - 14 - 14 - 

Finally, for a particular choice of e 7rl , the commutativity of diagram 
7.14.3 induce the isomorphism /„ , and the fc*-group isomorphisms 7.14.10 
and 7.14.14 determine the k*-growp homomorphism v n . Once again /„ and v n 
do not depend on the choice of e 7rl ; indeed, for another choice e' of this em- 
bedding, it follows from Proposition 5.2 that there is a n £ 0utpn((fc*G n ) 7n ) 
fulfilling 

e' = e 7n o a n — (ids n <7„) o e 7n 7.14.15 

and we get commutative diagrams as above. 

7.15. We are ready to describe the multiplicity N g(R e) -module of M ; 
first of all, from the very definition of Nq(B) (cf. 6.2), we get a sequence of 
/c*-groups N G (B) , with the same /c*-quotient Ng(B) , and of /c*-group ho- 
momorphisms /}„ : N G (B) — > G n inductively defined as follows; the fc*-group 

N G (B) is just the converse image of Nq(B) in G and fio the inclusion map; 
then, for any n > 1 , arguing by induction on n it is easily checked that the 
image of fi n -i normalizes the pointed group O n ~ 1 _ 1 on k*G n -i and therefore 
(in-i induces a group homomorphism /i n _i from Nq(B) to Nc n _ 1 (O n ~_ 1 ) ; 
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since we have (cf. statement 2.11.2) 

we define N G {B) and (j, n by the following pull-back 

N G (B) -»■ ^.^(O^iJ 

T T 7.15.2. 

N G (B) -H G n 

7.16. Now, consider the pointed vertex sequence 1Z = {R n s } n eN of M 
associated to uj (cf. 7.4 and 7.8), and denote by Ng(TV) the stabilizer of 1Z 
in G; clearly, N G (B) contains Ng(TV) and we denote by N G (1Z) the corre- 
sponding fc*-subgroup of N G (B) . Moreover, arguing by induction on n , it is 
easily checked that the subgroup [i n (N G (lZ)) C G n normalizes the pointed 
group R n s on fc„G n ; thus, setting N G (TV) — N G (1Z)/R, we get a fc*-group 
Nq (TV) from the following pull-back 

N G (K) -^ N Gn (R n s J 

T T 7.16.1 

N G "(K) ^ N Gn (R n K ) 

and then we have the k*N G (7?.)-module Res^„ (W n ) for any n € N (cf. 7.9.1). 

7.17. On the other hand, from the A:*-group homomorphism 2.8.1 and 
from Proposition 7.11, for any nfN we get the k* -group homomorphisms 



r Gn (R n 5n )*N Gn (R n Sn )° - 


-> F k, G JRV G 


= %, +1 (# n+1 ) 


An*|S£ n 




iu T 7A7A 


N G (R)*N G n (ny 




N G +1 (TZ) 



and therefore, since all the bottom fc*-groups admit the same fc*-quoticnt, 
we still get a fc* -group isomorphism 

w *„ : N G (TV) ^ N G (K) * N G +1 (K)° 7.17.2. 

But, for n big enough we have 

W n = k and N G (B) = k* x N G (B) 7.17.3; 

moreover, note that N G (B) coincides with the converse image N G (B) of 
N G (B) in G and similarly we set N G (Tl) = N G (TV) and N G (TV) = N G (TV)/R ; 
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in particular, the following tensor product 

w ^ = (g)Res^„ o( .^ ) _ 1 (^„) 7.17.4 

n£N 

makes sense and it is clearly a k*N G (lZ)-modu\c. 

7.18. Finally, it follows from 4.5.3 that F k G (R n & ) stabilizes the iso- 
morphism class of Res R n(S n ) and therefore N G (1Z) stabilizes the similarity 
class of T n and, in particular, the isomorphism class of E n for any n 6 N 

(cf. 7.6 and Proposition 7.7); hence, we get again a fc*-group N G (1Z) from 
the following pull-back 

Ng(K) ^ N Gn (R n 5 J En 

T T 7.18.1. 

Ng{1I) ^ N Gn (R" En ) Sn 

Similarly, from Proposition 7.14, for any n G N we get the fc*-group homo- 
morphisms 






*"»-'« t Ci 1 T 7.18.2 



N G (n)*N G {ny n g (h) 

and therefore, since all the bottom fc*-groups admit the same fc*-quoticnt, 
we still get a k* -group isomorphism 

*„ : N G (n) S N G " (K) * N G +1 (K)° 7.18.3; 

thus, the following tensor product 

W = (g>Rcs^ o{ ^ ) _ 1 (W n ) 7.18.4 

nGN 

makes sense and it is clearly a k*N G (7£)-modulc. As above, we set R = R° , 
£ = So , V = V and t/ = U a . 

Theorem 7.19. With the notation and the choice above, we have natural 
k*N G (R)- and k*N G (RE) -module isomorphisms 

U&hid% o( E\( u W) and y~Ind^ (i * E) (VK) 7.19.1. 



U 



Proof: Once again, we can argue by induction on the "length to stabiliza- 
tion" of B . If this length is zero then the block bo is already of defect zero and 
therefore everything is trivial so that isomorphisms 7.19.1 above are trivially 
true. 

If the "length to stabilization" is not zero then we consider the Fitting 
block sequence B\ = {(Gi+„, bi+ n )}n£N of G\ and the corresponding weight 
sequence {(R 1+n , Y 1+n )} ne fq and simple sequence {Mi +n } ne iq w-associated 
to £>i ; mutatis mutandis, we consider the corresponding pointed vertex se- 
quence TZ\ = {R n s +1 } n eN of Mi associated to u , and denote by Nq 1 (TZi) 

and N G (TZi) the respective stabilizers of TZi in G\ and in G\ . 

Moreover, from the corresponding pull-back 7.16.1, for any n > 1 we get 
a fc*-group N Gi (TZ\) of fc*-quoticnt N Gl (TZi) and a fc*-group homomorphism 

-■in 

N G n i (TZ l )^N Gn (R n s J 7.19.2, 

so that we still get the k*N G (7^i)-module Res^„ (W n ) . Analogously, for any 
n > 1 we still get the corresponding /c*-group isomorphisms 7.17.2 and 7.18.3 



"*i, n :N Gi (TZi)9*N Gi (TZi)*N Gi (TZi) 
*i,„ : N Gi (TZi) ^Ne'CRi)*^? 1 ^)' 
and, once again, the following tensor products 

n>l 



7.19.3, 



W 1 =®Ites / ,j„ B0(SiiB) _ 1 (W n ) 



7.19.4 



n>l 



make sense and respectively become k^N^ (TZi)- and k*N G (7?.i)-modules. 

At this point, it follows from the induction hypothesis that we have 
natural k*N G (R 1 )- and k*N G (R X E )-module isomorphisms 

Ui^lndl^l^W 1 ) and Vi - Ind*^** 1 V 1 ) 7.19.5. 

But, it follows from isomorphisms 7.9.4 and 7.10.2, and from Corollary 7.12 
and Proposition 7.14 that, considering the surjective fc*-group homomor- 
phism (cf. 2.8.1 and Propositions 7.11 and 7.14) 

N = N G (R s )*N G (R s y^F KG (R 5 ) 1° N Gi (R}) ? jg £ 

N° = N G (R E ) S * (N g (Rs)e)° —> Rad&Ek) 
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and denoting by U\ and V\ the corresponding restricitions of U\ to iVo and 
of V\ to N , we have 

U = Ind^ AWo® k Ui) and V = IndJ ^ (W ® fc Vi) 7.19.7. 

Furthermore, it is easily checked that the image of Ng(7V) C Nc(Rs) 
in N G (i? 1 ) throughout the fc*-quoticnt of homomorphism 7.19.2 is contained 

in Ng x {TI-i) and then that this fc*-group homomorphism induces fe*-group 
homomorphisms (cf. 7.17.1 and 7.18.2) 

7.19.8; 
N G (TZ) *n" g (H)° S Nl 1 (11) —> N^TZ,) 

thus, denoting by "W 1 and by W 1 the corresponding restrictions of "W 1 
to iVg(TC) and of W 1 to A^ 1 (71) we have (cf. 7.19.5) 

f/i=Ind~? ("V^ 1 ) and Vi = Ind^° (IF 1 ) 7.19.9. 

More explicitly, for any n > 1 the following diagrams of fc*-group homo- 
morphisms 

^(fti)*^ 1 ^) *^° ^g"(^i) ^ N Gn (R n s J 

] | || 7.19.10 

N G (1l)*N G +l (n)° ' *S #£(ft) ^ N Gn (RV 

| | || 7.19.11 

N E a(K)*Nl? +1 {1iy ^i N G "(K) ^ N Gn (R n 5n ) 

are commutative since all the vertical arrows are defined by pull-back via the 
group homomorphism Nq{TV) — > Nq 1 (TZi) determined by the fc*-quotient of 

homomorphism 7.19.2; hence, we actually get a k*N G (lZ)- and a k*N G (72.)- 
modulc isomorphisms 

7.19.12 
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Consequently, from the Frobenius property, we get a fc*-/Vg(i? ^-module 
isomorphism 

Wo ® k If! = Ind^^Res^^-^o) ®k "W 1 ) 

_ 7.19.13 

and therefore from the left-hand isomorphism in 7.19.7 we obtain the left- 
hand isomorphism in 7.19.1. Similarly, we get a A^iV^-R^g-module isomor- 
phism 

W ® k Vi 2 Ind^ (fljt) '(Resa. o( * o) -i(W ) ® fc W 1 ) 

Ng{U) 7.19.14 

= lnd N JL {R5)E (W) 
N E G (n) 

and therefore from the right-hand isomorphism in 7.19.7 we obtain the right- 
hand isomorphism in 7.19.1. We are done. 

7.20. In order to compare both isomorphisms in 7.19.1, note that from 
homomorphism 2.8.2 and from our choice of a polarization u we have a 
k* -group homomorphism 

N G (Re)°*N 6 (R e ) — >F T (i?)^4fc* 7.20.1 

which determines a fc*-group isomorphism N g (Re) — Nq(Re) ; let us denote 
by U V the restriction of V throughout this isomorphism. Similarly, for any 

neN, the K(N G n (K) * N G n+1 (7e)°)-module R-es-«„ o( ^ n) _i(W n ) restricted 
throughout the composed fc*-group isomorphism 

N G (U) * N G +1 (1Z)° <S N G (11) ^ N G " (K) * N G n+1 (K)° 7.20.2 

coincides with W W„ . 

7.21. But, according to the right-hand fc*-group isomorphism in 4.5.4, 
the corresponding splitting 

(N G (1Z) * N G +1 (1Z)°) * (N G (11) * N E a +1 {n)°)° -^k* 7.21.1 

comes from W(/jr> Res-P" (s n )) : ^S n (R n ) —> k* and needs not coincide with the 
splitting 

(N G (1l) * N G " (1Z)°) * (N" G +1 (11) * N E J +1 (11)°)° — -> k* 7.21.2 
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coming from (cf. 2.8.1) 

u {R n tTn y.F Tn (R n )->k* and w (fl „ + i, r „ +l) : F Tn+l (R n+1 ) -> fc* 7.21.3; 

that is to say, this splitting determines a new fc*-group isomorphism between 
N G (ft) * N G + \ft) and iVg" (ft) * N G n+1 (ft)° ; thus, this isomorphism and 

4>n o ("V'ti)~ 1 determine an automorphism u 9 n of N G (lZ)-kN G (ft)° . Then, 
it is clear that the product of all these automorphisms defines an automor- 
phism u 6 of N G (ft) — N G (ft) and that the right-hand isomorphism in 7.19.1 
implies the following result. 

Corollary 7.22. With the notation and the choice above, we have a natural 
k*N G (R,E) -module isomorphism 

u V&hid%* ( *° ) (ReB ue ( u W)) 7.22.1. 



Appendix: The odd order case 

A.l. Assume that p^2 and let G be a fc*-group with finite A;*-quotient 
G of odd order. In this case, by the fundamental Feit-Thompson Theorem [3], 
G is solvable and therefore, for any choice of a polarization uj , Theorem 6.5 
above supplies a natural bijection 

Irr fc (G)-Wgt fc (G) A 1.1; 

actually, it suffices to consider ui over the torsion subcategory 2)^ or (cf. Re- 
mark 4.7); further, the oddncss of our groups only demands the choice of a 
splitting for the fc*-subgroup 2 (P s (P)) oiF s (P) for any Dj^-object (P, S) . 

A. 2. That is to say, in the present situation we can replace IDfe , f and u> 
(cf. 2.5) by the full subcategory 25^ or of Dk , by the subfunctor of f 

2 f : ®l 01 — ► fc*-0r A.1.2 

mapping any 2)^ or -object (P, S) on the fc*-group 2 (Ps(P)) , and finally 

by a natural map 2 w : 2 f — > k* fulfilling the condition in 2.15.1 — called 
a odd-polarization. Although any odd-polarization can be easily extended 
to a polarization, the point is that there is a unique odd-polarization com- 
patible with the tensor product of Dade P-algebras. We borrow the notation 
from [15, Chap. 9] and denote by £>jj, or (P) the subgroup of torsion elements 
of T>k(P) ; actually, it is known that all the nontrivial torsion elements of 
V k (P) have order 2 [15, 8.16 and Corollary 8.22] or, equivalently, that S = S° 
for any £)* or -object (P, S) . 
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Theorem A. 3. There is a unique odd-polarization 2 lo such that the following 
diagram is commutative 

2 (Fs(P)) n 2 (F S ,(P)) ^^> 2 (F s ® k s'(P)) 

2 , , i 2 , , \ / 2 , , A. 3.1. 

/or any pair of 1)^ -objects {P, S) and (P, 5") . Moreover, for any normal sub- 
group Q of P , setting T — Resg(S') and P = P/Q , and denoting by Fs(P)q 
the stabilizer of Q in Fs (P) , the following diagram is also commutative 

2 (F S (P) Q ) ^^> 2 (F T (Q))x0 2 (F s{Q) (P)) 

2 , , \ / 2 , , o 2 , , A.3.2 

k* 

Proof: Let u> be a polarization [15, Theorem 9.21]; for any S)jj. or -object (P, S) , 
it is clear that there is a group homomorphism f$(p t s) :0 2 (Fs(P)) -4 fc* 
fulfilling 

(w(p,s) x U(p,s))(<p-<f>) = /3(p,s)(y)w(p,s® fc s)(« > p,s,s'(^"^)) A3.3 

for any (^ 6 2 (Ps(P)) , where <£>•</? denotes the image of (<p,<p) in the 
fc*-group (cf. 2.2) 

£?(*») n F S (P) = F S (P)*F S (P) A3.4 

and ip is the image of (p in 2 (F5(P)) ; then, there is a unique group homo- 
morphism a(p.5) :0 2 (i 7 5(P)) — > fc* fulhlling (aj^jj) 2 = /3(p t s) an d we claim 
that it suffices to define 

2 ^(ps)(^) =a(p,s)(v)~ 1 ^(p,s')(^) -4-3.5 

for any ^e 2 (F<j(P)) . 

In any case, note that the uniqueness of 2 u>tp S \ follows from the unique- 
ness of a/p,s) ■ The commutativity of diagram A. 3.1 for S' — S follows from 
our very definition; otherwise, the diagrams corresponding to the pairs of 
Dade P-algebras (S ®k <S", S <8)fc S') , (S, S) and (5", 5") are certainly commu- 
tative and then the commutativity of diagram A. 3.1 follows. 

Moreover, once again it is clear that there is a group homomorphism 

J(p,s,q):® 2 (Fs(P)q) -^k* A3.6 

such that, for any ip e 2 (Ps (P)q) , we have 

2 w ( ps)(^) = 7(ps,Q)(»( 2 W(Q/r) x 2 uj (P s(q)) )(Aps,q((^)) A3. 7. 
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But, it follows from [15, Proposition 9.16] that the diagram 

Fs(P)q *F S (P) Q — ► (F T (Q) *F t (Q)) x(F s{q) (P) * F s{q) (P)) 

1>P,S,S 4- i <>Q,T,T X ' > P,S(Q),S(Q) A.3.8 

Fg® kS (P) Q — ► F T ® kT {Q) x F (s » k s)(Q){P) 

is commutative; moreover, since the Dade P-algebra 

S 1 <g> fc S 1 ^ S* <g> fe S 10 ^Endfe(S') A3.9 

is similar to fc , the corresponding diagram A. 3. 2 is clearly commutative. 
Consequently, for any ip G 2 (Fs(P)q) , the element ( 2 W(p,5) x 2 ^ ! (p,s))( l P' l P) 
coincides with the image of Ap i g t Q(ip)-Ap g^Q(ip) throughout the map 

C^(Q,T) x 2 w (Q;T )) X ( 2 W ( p S(Q)) X 2 W ( p S(Q)) ) A. 3. 10 

and therefore we get Tfp.s.qjC'p) 2 = 1 which forces "f(p,g t Q)(<p) = 1 • We are 
done. 

A. 4. Since the unique odd-polarization 2 u> in Theorem 4.3 can be easily 
extended to a polarization, if follows from Theorem 6.5 above that it supplies 
a natural bijection 

Irr fe (G)=Wgt fe (G) A4.1 

and we claim that this bijection coincides with the bijection defined by 
Gabriel Navarro in [7, Theorem 4.3] for n = {p} . First of all, borrowing all 
the notation in §7, suitably translated to our present situation, and choosing 
this odd-polarization 2 uj , we claim that the corresponding automorphism u 
of Nq (TV) in 7.21 above is the identity map and therefore, according to The- 
orem 7.19 and Corollary 7.22, in tis case we have 

V*™%$L)C U V) AA.2. 

That is to say, in the bijection A. 4.1 determined by 2 uj the image of any 
simple fc*G- module M can be directly computed from the triple formed by a 
vertex R, an R-source E and a multiplicity Nq (Re) -module V of M . 

A. 5. More precisely, for any n £ N, we claim that the automorphism 
2w e n of N™ G (K) * N^ 1 (K)° is the identity map; indeed, since (cf. 7.13) 

Res p „(T n ) = ReSpJSn) ® fc Res p „ +1 (T„ + i) A5.1, 

up to a suitable identification, from Theorem A. 3 above we get the following 
commutative diagram 

2 (F Sn (R n )) n0 2 (F Tn+1 (R n )) — ► Q 2 (F Tn (R n )) 

w (R n ,Sn) x W (H",T„ + 1 ) \[ vf LJ (I?",T„) A.O.Z 

k* 
which, according to the very definition of "#„ , proves our claim. 
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A. 6. In particular, if G' is a fc*-subgroup of G and M' a fc*G'-module 
such that M = IndA,(M'), then M' is clearly a simple fc»G'-modulc and 
it is easily checked that a vertex R' and an i?'-source E' of M' are also a 
vertex and an i?'-source of M ; moreover, we claim that ifV is a multiplicity 

Ng'(R'e') -module of M' then the k*NG{R'E>)-module 

V = Ind AG(R ' E ' ) (V) A6.1 

is a multiplicity Nq(R! e ,) -module of M . Indeed, recall that we have (cf. 2.12) 

Ind^,(End fe (M')) ~End fe (M) A6.2 

and that idM is the image of Tr2, (1 (g> idjw' <8> 1) , and denote by G' M , the 
pointed group on End/j(M) determined by the group G' and the idempotent 
1 ® 'v\-m> <8> 1 • Since i?^, is a local pointed group on Endfe (M) , the unity ele- 
ment in (Endfc(M)) (R' E i) coincides with the sum ^2 x x ® \Am' ® x~ x where 
x runs over the elements fulfilling (R' E ,) X c G' M , in a set of representatives 
for G/G' in G and, for such an element x , x ® id-M' <£) x^ 1 denotes the image 
of x idM' a; _1 in (Endfe(M))(i?^,) [9, Proposition 1.3]. But, it is clear 
that (R' E ,) X is also a maximal local pointed group on Endfc(M') and therefore 
there is x' G G' such that (R' E ,) X = (R' E ,) X . Consequently, it follows from 
[6, statement 2.13.2] that we get an Nq {R'e> )-hiterior algebra isomorphism 

Ind^^^EndfeCM'))^)) = (End fc (M))(^) A6.3 

which proves our claim. 

A. 7. Moreover, by the very definitions of "V and U V' in 7.20 above, 
then we still have 

2 ° J V = hid%' i{ *£' ) ) ( u V') A.7.1 

and therefore it follows from isomorphism A. 4. 2 that we have a k*N G (R')-mo- 
dule isomorphism 

where V is a simple projective N G ,(R')-modu\e which, together with R', 
determines the G'-conjugacy class of weights of G' determined by M' via the 
corresponding bijcction A.4.1. 

A. 8. In conclusion, in order to prove that Navarro's correspondence in 
[7, Theorem 4.3] also maps M on the G-conjugacy class of the weight of G 
determined by R and U , we may assume that M is primitive — namely, 
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that it is not induced from any proper fc*-subgroup of G . In this case, as we 
mention in 1.4 above, it follows from [17, Lemma 30.4] that there is a G-stable 
finite p'-subgroup K of Endfe(M)* which generates the fc-algebra Endfc(M) ; 
in particular, Endfc(M) is actually a Dade R-algebra [13, 1.3], R is a Sylow 
p-subgroup of G and 7V<3(i?)-stabilizes the isomorphism class of E [13, 1.8], 
so that U = U V (cf. A. 4. 2). At this point, a careful inspection of the origin 
of Navarro's correspondence in [7, Theorem 3.1] shows that it maps M on 
the G-conjugacy class of the weight of G determined by R and U if, for a 
suitable Brauer character ip over N < j(R) , we have 

^ s n 6 (r)(Vm) = fu + 2-i> -4-8-1 

where ipM and ipu respectively denote the Brauer characters of M and of 
the fc*7V ( j(i?)-module U = "V . Then, the fact that in our situation such an 
equality holds is more or less a consequence of [5, Theorem 5.3] but here we 
give a direct proof. 

Proposition A. 9. Let M be a simple primitive k^G-module, R a vertex, 

E an R-source and V a multiplicity k*Nc (Re) -module of M . Consider the 
unique odd-polarization 2 u> such that diagram 4.3.1 is commutative and denote 
by U V the restriction of V throughout the isomorphism NMR) = Nq(Re) 
determined by 2 u> , and by ipM and f^^y the respective Brauer characters 
of M and of U V considered as a k*Ng(R)- module. Then, for a suitable 
Brauer character tp over NMR) , we have 



Re 4,,(fl)(^M) = <f2 uv + 2-i> A.9.1. 

Proof: Arguing by induction on |G| , we may assume that M is a faithful 
fc»G-module, then identifying G with its image in Endfc(M) ; moreover, the 
case where dimfc(M) = 1 being clear, we assume that dimfc(M) ^ 1 . Then, 
a minimal normal nontrivial subgroup K of G is an Abelian f-elementary 
group for a prime number £ ^ p and the primitivity of M forces the converse 
image K of K in G to be the central product of k* by an extra-special normal 
^-subgroup of G [4, Ch. 5, §5]. 

Let S be the fe-subalgebra of Endfc(M) generated by K ; once again, the 
primitivity of M forces 5* to be a simple fc-algebra and then the /c*-quotient 
G of G acts on S determining a fc*-group G together with a fc*-group homo- 
morphism G — > S* (cf. 2.3), and we set 

G=G*(~G)° A.9.2; 



42 

then, it follows from [16, Proposition 3.2] that there exists a fc*G-module M 
such that we have a G-interior algebra isomorphism 

End fe (Af) = S® k End fe (M) A9.3; 

actually, K is canonically isomorphic to the converse image of K in G and 
therefore K lifts to a normal subgroup of G acting trivially on M ; thus, up 
to suitable identifications, setting G — G / K and S = Endfe(AT) , M becomes 
a fc*G- module, we have a fc»G- module isomorphism 

M = N ® k M A9.4 

and, denoting by <pjv the Brauer character of N and by 7r : G — > G the 
canonical fc*-group homomorphism, we have 

¥m = l fiN-'Res ji (ip a ) A.9.5. 

Now, it is clear that M is a simple primitive /c*G-module, that the image 
R of R in G = G/K is a vertex of M (actually, it is a Sylow p-subgroup of G) , 
that we have a canonical _R-interior algebra embedding (cf. 2.4) 

End fe (£0 — > S® k End fc (i±;) A9.6 

where E denotes an ^-source of M , and that we still have a iV<3(i?_E)-interior 
algebra isomorphism [12, Proposition 5.6] 

(End k (M))(R E ) = S(R) ® fe (End fe (M))(^) A.9.7, 

together with a fc*-group isomorphism [12, Proposition 5.11] 

N G (R E ) & N S G (R) * Res, (N G (R E )) A.9.8 

where N G (R) and Kes 7r ^N G (R E )) respectively denote the fc*-groups coming 
from the action of N G (R) on the simple fc-algebra S(R) [13, 1.8], and obtained 
by pull-back from the canonical group homomorphism 7r : N G (R) — > N G (R) . 

On the one hand, denoting by V a multiplicity N G (R E ) -module of M , 
so that we have 

End fe (T/) = (End k (M))(R E ) A9.9, 

it follows from the induction hypothesis that, for a suitable Brauer charac- 
ter r/5 over Na(R) , we have 

Re 4 a (i?)(^M) = <P*»v + W 4-9.10. 
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On the other hand, denoting by W a multiplicity N G (R) -module of N , it 

follows from isomorphisms A. 9. 7 and A. 9. 8 that we have a fecAfcK-RE^module 
isomorphism 

V ^ W® k Res v (V) A9.ll; 

moreover, it follows from the commutativity of diagram A. 3.1 that we still 
have a fc*Ag,(.R)-module isomorphism 

2u V ^ U W ® k Kes %R ( UJ V) A9.12 

where ttr denotes the restriction to N g -{Re) of tt ; consequently, with evident 
notation, we get 

Lp2 UJV ^L P 2 U]W -Res, f!R (if2 U] y) A9.13. 

But, according to Theorem A. 10 below, we also have 

^Sn- g (r){^n) = (f2 UJW + 2-r 1 A9.14 

for a suitable Brauer character r\ over N-q(R) ■ In conclusion, from equali- 
ties A.9.5, A.9.10 and A.9.14 we get 

R-es^ d(iJ) (^ M ) = Res^ fa(fl) (( / 3 A r)-Res #i? (Res^ ( ^ ) (( / 3 A? )) 

= {<p2„ w + 2.77)-Res #B (^2^ + 2-VO ^-9-15 

= tpz^y + 2-0 

where ip — r)-KeSjy a (ip2^ v + 2-tjj) + ^2 u , w .-Res# B (i/>) . We are done. 

Theorem A. 10. Let M be a k % G-module such that Endfc(M) is genera- 
ted by a G-stable k* -subgroup K of Endfc(M)* which is the central pro- 
duct of k* by an extra-special (.-subgroup for an odd prime number i ^ p . 
For any local pointed group Re on Endfc(M) , denoting by V a multiplicity 

N ' c{Re) -module of Re and by U V the restriction of V via the isomorphism 

N G (R) = N g (Re) determined by the unique odd-polarization 2 u> such that 
diagram 4.3.1 is commutative, we have 

Res^C^CVM) = <f2 uv + 2-V> A10.1 

where tpu andifi2^ v denote the respective Brauer characters of M and of U V 
considered as a k*N G (R) -module, and ip is a Brauer character over N G (R) . 

Proof: We actually may assume that M is faithful and that G = N G (R) ; 
then, G stabilizes the decomposition [4, Ch. 5, Theorem 2.3] 

K = C K (R)x[K,R] A10.2 
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of the fc*-quotient of K ; thus, setting S — Endfc(M) and denoting by S' and 
S" the fc-subalgebras of S generated by the respective converse images K' 
of C K {R) and K" of [K,R] , we have S = S' ® k S" , K' and K" are also 
central products of k* by extra-special f-subgroups (here we also consider 
Z/^Z as an extra-special £-grovip) and G still stabilizes 

S" = End fc (M') and S" = End fe (M") A10.3. 

Consequently, as in the proof above, it follows from the commutativity 
of diagram A. 3.1 that it suffices to prove the theorem for M' and for M" . 
That is to say, we may assume that either K = Ck(R) or K = [K,R] ; 
in the first case, R centralizes K [4, Ch. 5, Theorem 1.4], so that it cen- 
tralizes S which forces R — {1}; then, we have M — V, E — k and 

Fs(R) — k* , and by the very definition of Nc(Re) (cf. 2.5) we get an iso- 
morphism Nc(Re) — N@(R) = G compatible with the canonical fc*-group 
homomorphism 2.8.1, so that equality A. 10.1 is trivially true with tp = . 

Following the notation in A. 11 and according to isomorphism A. 12.2 be- 
low, let us denote by H the image of Sp(K, k) in Ns* (K) ; in particular, the 
nontrivial element in Z(H) is an involution s 6 S which stabilizes K and 
induces — i&k over K ; note that, if s' € S is such an involution then s's 
stabilizes K acting trivially on K and therefore, according again to isomor- 
phism A. 12.2 below, s' belongs to k-(s) , so that we have $' £ {s x , -/} for 
a suitable x G K . 

In the second case above, we have Ck(R) = {1} and therefore R fixes a 
unique pair of such involutions {s, — s} which by oddness forces 

G = N & (R) cCs*(s) A10.4; 

consequently, G is contained in the intersection 

N s , (K) n C s * (s) = k* x H A10.5. 

Moreover, since K indexes an _R-stable basis of S = k % k (cf. A. 11 below), 
we have S(R) = k which forces V = k ; hence, by the very definition of the 

/c*-group Nc(Re) , in this case we get a fc*-group isomorphism (cf. 2.5) 

N G (R E ) = k* x A G (^) -4-10.6 . 

At this point, it follows from Lemma A. 14 below that the decomposition 

G = N 6 (R) = N G (R E ) = k* x G A10.7 

determined by the fc*-group homomorphism 2 u>/ RS \ :Fs(R) — > k* coincides 
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with the decomposition 

G = k*x(GnH) A10.8 

obtained from the inclusion G C ATg. (K) n Cs' (s) . In particular, the restric- 
tion of (p2^ v to G n if is just the trivial character. 

On the other hand, for any y G G C\ H , acting over if the product sy 
only fix the trivial element 1 ; indeed, if syx(sy)^ 1 — x for some x £ K then 
yx~ 1 y~ 1 = x and therefore {.t, a; -1 } is an orbit of (y) which forces x = x~ x , 
so that x = 1 ; in particular, we get 

tr M (sy)-tr M *(sy) = tr s (sy) = 1 A10.9. 

But, we clearly have 

k(s) = fc-id M + k-s = k-i + k-i' A10.10 

for suitable mutually orthogonal idempotents i and i' of S , and we choose 
the notation in such a way that dim(i(M)) > dim(i'(M)) . 

Then, denoting by ifM , <fi(M) and fi(M') the respective Brauer charac- 
ters of M, i(M) and i'(M), let us consider the ordinary characters xm , 
Xi(M) an d Xi'(M) over GC\H which respectively lift the restrictions to G n H 
of ifM i <pj(M) an d <Pi'(M) to the set of characters x fulfilling x{y) ~ x(Up') 
for any y £ G H H ; consequently, we clearly have xm = Xi{M) + Xi(M') an( i 
moreover 

i = (xi(M)(y) - Xi'(M)(i/))(xi(M)(y) - Xi'(M){y)) Aio.n 

for any y E G H H (cf. A. 10. 9); in particular, the norm of Xi{M) ~ Xi'(M) is 
equal to 1 and, according to our choice of notation, we still have 

l = Xi(M)(l)-Xi'(M)(l) A10.12 

hence, for a suitable linear character A of G fl -ff , we get Xi(M) = A + Xi'(M) 
or, cquivalcntly, 

Xm = A + 2-Xi'(M) A10.13. 

Now, it suffices to prove that A is the trivial character. Note that, 
denoting by k' the subfield of k generated by the ^-th roots of unity, we 
still can define a fc'*-group K' = k'* x K as in A. 11.1 below and, setting 
5" = k'^K' , we have S = k <2>k' S' and H is contained in 1 S' , so that i 
and i' also belong to 1 S' ; hence, the values of the ordinary characters xm , 
Xi(M) and Xi(M') are contained in the extension of Q by the C-th roots of 
unity. Consequently, it suffices to prove that the restriction of A to a Sylow 
^-subgroup L of G D H is trivial. 
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But, it is well-known that for a maximal Abelian fc*-subgroup A of K 
and a fc*-group homomorphism £ : A — > k* , denoting by fc^ the corresponding 
fc*Amodule, we have 

M = Ind^(fc c ) A. 10. 14; 

moreover, since H acts over K = k* x K stabilizing 1 x K , it is easily checked 
that L stabilizes a suitable choice of Ker(£) C 1 x K and therefore, choosing 
a complement X of Ker(£) in K , it stabilizes the basis {(1, x) <8> lj^ex of M ; 
then, L fixes (1, 1) x 1 and, for any L-orbit O in X — {1} , {(l,x) lj^eo 
and {(1, x _1 ) (x) llxgo are different orbits of L in this basis, since \0\ is odd; 
that is to say, the number of orbits of L in this basis is odd. 

In conclusion, since L is an £-group and £ =/= p , the multiplicity of k 
in M considered as a fcL-module is an odd number; then, the restriction of 
equality A. 10. 13 to L proves that the restriction of A to L is trivial. We are 
done. 

A.ll. Let £ be an odd prime number different from p and K a A:*-group 
which is the central product of k* by an extra-special £-group and, for our 
purposes, we also consider Z/iX as an extra-special £-group. Denote by k the 
non-singular skew symmetric scalar product over the fc*-quotient K induced 
by the commutator in K ; thus, we have \K\ = £ 2n and note that the case 
n = is not excluded. Then, it is easily checked that K is isomorphic to 
k* x K endowed with the product defined by 

{\,x)-(\',x') = (XX'K(x,x')i,xx') All.l, 

for any A, A' £ k* and any x, x' G K , and with the group homomorphism 
k* — > k* xK mapping A 6 k* on (A, 1) . It is quite clear that the corresponding 
symplectic group Sp{K 1 k) acts over this fc*-group and we actually have 

Aut fc » (K) = Kx Sp(K, k) A11.2. 

A. 12. Moreover, it is well-known that S = k*K is a simple fc-algebra 
and Sp(K, k) clearly acts over this fc-algebra stabilizing K ; thus, since any 
central fc*-extension of Sp(K, k) is trivial, this action can be lifted to a group 
homomorphism 

Sp(K, k) — > N s , (K) A12.1; 

then, since Cs*{K) = fc*-ids , from isomorphism A. 11. 2 we easily get 

A s « (K)=Kx Sp(K, k) A12.2; 

let us identify Sp(K, k) with its image in Ns* (K) (for the choice of a fc*-group 
isomorphism K = fc* x K !). 
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A. 13. Identifying K with k* x K , it is clear that a p-subgroup R of 
Sp{K,n) stabilizes the basis {(l,x)} X £K of S and therefore S becomes a 
Dade R-algebra; moreover, it is easily checked that the restriction kr of k to 
Ck (R) remains a non-singular skew symmetric scalar product and therefore 
Cfr{R) = k* x Ck{R) is also the central product of fc* by an extra-special 
€-group. Then, it is clear that the Brauer homomorphism induces a fc-algebra 
isomorphism [11, statement 2.8.4] 

k*C k {R) £* S(R) A13.1 

and it is easily checked that the action of Ng p f KK \(R) over C k (R) is con- 
tained in the corresponding symplectic group Sp[Ck(R), ^r) ! that is to say, 
the Brauer homomorphism can be extended to a group homomorphism 

Br^ : N Sp{K , K )(R) — ► Sp(C K (R),K R ) C S(iJ)* A13.2 

such that the action of cc G Ns p (k,k)(R) coincides with the conjugation 

by Br^j(x) on 5(i?) ; thus, choosing an element a £ S R lifting Br* R (x) and an 

idempotent i in the unique local point of R on S , and denoting by X s the 

$ 

image of x in Fs(R) and by ixa~ x i the image of the product ixa~ l i in the 

quotient 

A^ ir ORi)/(i + J((iSi)*)) A13.3, 



-s 



the pair (x ,ixa~ 1 i ) is an element of Fs(R) [11, Proposition 6.10]. 

Lemma A. 14. WWi i/ie notation above, denote by 2 lu the unique odd- 
polarization such that diagram 4.3.1 is commutative and let R be a p-subgroup 
of Sp(K,K). For any x e N Sp ( K ^(R) of odd order, choosing an element 
a £ S R lifting Br^(x) and an idempotent i in the unique local point of R 



on S , and denoting by x R the image of x in Fs(R) and by ixa l i the image 
of the product ixa~ 1 i in the quotient 

N {iSir (Rz)/(i + J((iSi) R )) A.U.I, 

we have 

2 u} (RtS) (x R ,ixa- 1 i ) = 1 A14.2. 

Proof: Arguing by induction on \R\ , set Z = f2i(Z(i?)) , R = R/Z and 

T = Rcsf (S) ; it follows from Theorem A. 3 above that we have the commu- 
tative diagram 

2 (F s (R) z ) ^^ 2 (F t (Z))xQ 2 (F s{z) (R)) 

2 ,, \ / 2 ,, i 2 ,, A14.3. 
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But, choosing an element c G S z lifting x = TSr%(x) and an idempotent j in 
the unique local point of Z on S fulfilling ji = j = ij , and setting a = Biz (a) 
and i — Brz(«) , it is easily checked from [15, Proposition 9.11] that we have 

A^s^x^zxa" 1 /) = (x z ', jxc- 1 ] 1 )-{x R ,WF T f^' ') A14.4; 

hence, since we clearly have 

Br^Br^z)) = B4(x) A14.5, 

if Z ^ i? then from the induction hypothesis we get 

U(z,t){x ,jxc-\j ) = 1 = W(fl,s(z))(a: ,»ara _ H ) A14.6. 

Now, equality A. 14.2 follows from the commutativity of diagram A. 14.3. 

From now on, we assume that R is p-elementary Abelian. Arguing 
by induction on \K\ , if K decomposes on a direct orthogonal sum of two 
i?-(x)-stable nontrivial subspaces 

K = K'±K" A14.7 

then K is the central product of the converse images K' of K' and K" of K" , 
and, setting 

5" = k*K' and S" = k*K" A14.8, 

S' and 5"' are also Dade R-algebras and we have S = S"®fc S"' ; in particular, 
it follows from Theorem A. 3 above that we have the commutative diagram 

® 2 (F s ,(R))f)0 2 (F s „(R)) ^^ 2 (F s (R)) 

2 ,, i 2 ,, \ / 2 ,, A14.9. 

But, denoting by k' and k" the respective restrictons of k to if' and K" , 
it is clear that x is the image of x' <8> x" for suitable elements x' G Sp(K', k 1 ) 
and a;" G Sp(K", k") normalizing the respective images R' C Sp(K', k') 
and R" C Sp(K",n") of _R. Moreover, choosing elements a' G S' R and 
a" G S" /il respectively lifting Br* R ,(x') and Brjj„(x"), and idempotents i' 
and i" in the respective unique local points of R on S' and on S" , we clearly 
may choose the element a equal to the image of a' ® a" and the idempotent 
i in an orthogonal decomposition of the image of i' (g) i" , so that Br^(x) is 
equal to the corresponding image of Btji> (x') &>Br,R" (x") via the isomorphism 

S'(R') ® fc S"'(/2") £* S(fl) A14.10. 



Then, it easily follows from [15, 9.15] that we have 
0^s',s"((x' R ',i'x'a'-H' S )-(x" R " ,i"x"a"-H" S )) 

= (£*, 
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A14.ll. 



Now, since the induction hypothesis implies that 

2 u} {R , tS , ) {x' R ',i'x'a'-H' S ) = 1 = 2 U( R ,, tS ,, ) (tf !R " ,i"x"a"-H" S ) A14.12, 

equality A. 14.2 follows from the commutativity of diagram A. 14.9. 

Thus, we may assume that K does not admit a decomposition on a direct 
orthogonal sum of two i?-(a;)-stable nontrivial subspaccs. Denoting by F the 
field of cardinal i , if L is a simple Fi?-submodule of K then the restriction 
of k to L is either non-singular or, denoting by L the orthogonal space 
of L , L 1 - contains L and we have a canonical isomorphism K/L 1 - = L* , so 
that, if L' is an Fi?-complcmcnt of L 1 - in X , the restriction of k to L © 1/ is 
non-singular. Consequently, the dimensions of all the simple Fi?-submodulcs 
of K have the same parity. 

Firstly assume that the dimensions of all the simple Fi?-submodulcs L 
of K are odd; in this case, L* is also a F_R-submodulc of K not isomorphic 
to L . Thus, since | (x) | is odd, the group (x) has exactly two orbits in the set of 
isotypic components of the Fi?-modulc K and then, denoting by A and B the 
sums of isotypic components in each (a;)-orbit, A and B are maximal totally 
singular subspaces fulfilling K = A(B B . Hence, the converse images A of A 
and B of B in JT are maximal Abelian subgroups and it is well-known that, 
for a k* -group homomorphism £ : A — > fc* that we may choose i?-(x)-stable 
(cf. A. 11.1), we have 

M^Ind^(fc c ) A14.13 

where k^ denotes the corresponding fc* Amodulc. 

In this situation, the group R-(x) stabilizes the basis {(l,y) ® l}j/eB 
of M , so that the Dade R-algebra S is similar to /c ; in particular, identify- 
ing S 1 with the induced K -interior algebra Ind i (fc^) (cf. 2.12) where /c,j still 
denotes the corresponding Ainterior algebra, the primitive idempotcnt 

i = (1,1)010(1,1) A.14.14 

actually belongs to the unique local point of R on S ; now, x and Jir* R (x) 
respectively centralize i and Br^(i) , and, with the notation above, it is easily 



-s ^s 



checked that ixa 1 i = i which proves equality A. 14. 2 in this case. 

Finally assume that the dimensions of all the simple Fi?-submodules L 
of K are even; in this case, the image of F_R in End^(i) is an extension ¥l of 
F of even degree and therefore it contains a primitive fourth root tl of unity; 
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moreover, since \{x)\ is odd, the stabilizer in (x) of the isotypic component 
containing L acts on ¥l fixing tl ■ Consequently, considering all the orbits 
of (a;) , we get a self-adjoin cndoniorphism r of K which centralizes R-(x) 
and fulfills r 2 = — id#- . 

At this point, we consider the central product K x K , and in the /^-quo- 
tient K x K we set 

A = {(y,r{y))} veK and B = {(-y, T(y))} yeK A14.15; 

as above, we have K — A B , A is totally singular since 

(kx K)((j/,r(y)),(j/',r(j/'))) = K(y,y')K(r(y),T(y')) 

= K(y,y')K(T 2 (y),y') A14.16 

= K{y,y')n{y,y')- 1 = 1 

for any y £ K and, similarly, B is totally singular too. Once again, the 
converse images Aoi A and i? of B in X x i^T are maximal Abelian subgroups; 
hence, the argument above applied to the p-subgroup A(i?) = {it (g> mIms-R 
and to the element x ® x of Sp(K x K,k x k) proves that 

2 U( A (R),s® k s)(x® x ,j{x®x)(a®a)- 1 j ") = 1 A14.17 

for the choice of an idempotent j in the unique local point of A(i?) on S®kS . 

Consequently, since it follows again from Theorem A. 3 that we have the 
commutative diagram 



2 (F S (R))*0 2 (F S (R)) -^ 2 (F s ® kS (R)) 

W (B,S) x W (K,S) \i •/ u (H,S» t S) 

k* 
and since we clearly have 

-S\ ,„ D r-S, 



A14.18 



^S 



,s((x , ixa 1 i )-(x ,ixa l i )) 



/-^— -A(fl) — ^^® fc s 

(x ® x , j (x x) (a ® a) 1 j J 



A14.19, 



from equality A. 14. 17 we actually get 



-S.,2 



( 2 w ( ^ s) (x fl ,ixa- 1 i )) = 1 A14.20 



which forces LOm s \(x,ixa 1 i ) = 1 since x has odd order. We are done. 
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